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ABSTRACT 

Considerable weight savings may be realized in  a sys tem of passive com- 

municati ons satel l i tes  if: 

0 Lenticular reflecting shapes r a the r  than spherical  re f lec tors  a r e  
used 

0 Angular positions of the satel l i tes  a r e  controlled ra ther  than allowed 
to  drift  randomly. 

In par t  1, an  introductory discussion is presented of orbit  position control 

techniques using d i rec t  so la r  p r e s s u r e  and thermal  reradiation fo rces  t o  con- 

t r o l  the orbi t  energy and the relative angular position of satel l i tes  in  orbit; 

i n  par t  2 ,  complete paramet r ic  data a re  presented related to  these techniques; 

and par t  3 presents  derivations of scaling factors and ??her  ~ c k t e d  LLurma- 

tion. 

xi 



1. INTRODUCTORY MATERIAL 



I. INTRODUCTORY MATERIAL 

1.  1 INTRODUCTION 

The use of satell i tes to relay communications ac ross  la rge  distances on 

the ear th ' s  surface is a reali ty today. 

been launched successfully. 

power amplification, and retransmission of the communication signal; passive 

satell i tes consist  of large surfaces  to  re turn (by reflection) to  the ear th 's  s u r -  

face al l  signals f rom the ear th  that impinge on them. 

Both passive and active satell i tes have 

Active relay satell i tes rely on the reception, 

Present ly ,  the two passive communications satell i tes which have been 

successfully installed in orbit fall short  of competing with present  active 

s ~ . t c l l i i ~ a  'uy severa l  o rders  of magnitude. 

passive satell i te technology show promise f o r  significant change in the posi- 

tion of the two systems in the future. 

Several recent developments in 

Major developments a r e :  

Lighter mater ia l s  

The lenticular shape which omits portions of the present  spheres  that 
do not reflect  signals back to the ear th  

Improved manufacturing techniques to  reduce scintillation of reflected 
signals 

0 Station keeping without mass  expulsion to operate for  indefinite periods 
of time. 

Satellite sys tems f o r  communications purposes can be evaluated for com- 

par ison by establishing a set  of tradeoffs fo r  each sys tem relating to  cost. 

Major elements of cost  ( in o rde r  of significance) a re :  

0 Launch weight and altitude (and cer ta in  inclinations which require dog- 
leg launches) 

0 Ground hardware 

0 In-orbit hardware.  

1-1 



The f i r s t  s tep in the evaluation procedure is t o  define the communications 

sys tem to be achieved, considering i t s  p resent  and future requi rements ,  in 

t e r m s  of bandwidth, ear th  sur face  distance to  be covered, and schedule. 

Next, convert  requirements  for  each sys t em to  be compared into the r a t e  

of energy expenditure (power l o s s )  in t ransmiss ion  and reception pa rame t r i -  

cally i n  t e r m s  of the cost  elements descr ibed above. If existing and/or pro-  

jected costs  a r e  assigned to  the significant cos t  elements and if  the p a r a -  

me t r i c  variations of each sys t em a r e  kept within feasible l imi t s ,  minimum 

o r  optimum cos ts  f o r  each sys tem can  be  established. 

a l l y  will decide the best  system. 

The lower cos t  gener -  

This is a complex task  and requi res  pa rame t r i c  knowledge of each variable 

o r  tradeoff in each sys tem.  

Typical tradeoffs which w i l l  affect cos t  are as follows: 

The altitude and number of the satel l i tes  required 

0 The lifetime of the orbiting sys t em (i. e. , one 10-year satel l i te  equals 
two 5-year satell i tes of equivalent launch weight) 

The ground station power ve r sus  satel l i te  s ize  (launch weight) fo r  
passive ref lectors  

The power bandwidth (launch weight) ve r sus  ground station power gain 
fo r  active re lays  

0 The number of random ve r sus  spaced satel l i tes  (This  ra t io  approaches 
infinity when 100-percent communications a r e  des i r ed  and a low altitude 
sys t em offers minimum launch weight and ground station power. ) 

This handbook covers  paramet r ica l ly  the means of obtaining the las t  t rade-  

off described. The var iables  used in  the aforementioned tradeoff study f o r  a 

means of station keeping o r  the adjustment of the orbi ta l  period without m a s s  

expulsion a r e  derived and explained. 

which is  exploited in two ways discussed in the following two paragraphs.  

The energy source  is so l a r  radiation 

The f i r s t  method makes  use  of the difference in  force  received by a totally 

absorbing surface and that received by a reflecting surface.  In this  method, 

the orbital  period is changed by presenting one of the above sur faces  toward 

the sun as the satell i te moves toward the sun and a sur face  of the other type 
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a s  the satell i te recedes f rom the sun. 

received in the two halves of the orbit will change the kinetic energy in  the 

sys tem and hence the period. 

The resulting difference in the energy 

The second method makes use of the fact that  the emissivity of a surface 

can be varied,  and this method is applied to three  dimensional surfaces ,  

wherein the body is made equally absorbent of solar  radiation, but emits  black 

body radiation unsymmetrically, determined by the pat tern of different emis  - 
sivit ies on i ts  surface.  

body to the velocity vector,  the resulting reaction f r o m  this radiation adds o r  

subtracts  f rom the momentum of the satellite, thus changing its period. 

By aligning the a rea  of maximum radiation f rom the 

This handbook also incorporates the results of severa l  years  study by 
- 

W P C ! ~ ~ I ~ . ~ C - L E D  IZ!ec,tric C ~ y ~ r ~ t i ~ z  =rider < G u l l t i  hci iu L d ~ l g i e y  K e s e a r c n  benrer  

of the National Aeronautics and Space Administration (Contracts NAs 1-3  13 1 

and NAsl-5194), and is  intended to  provide a summary  of the techniques in- 

volved and to  provide paramet r ic  data fo r  satellite sys tems in  the altitude 

range of 1000 nautical miles  to  synchronous altitude and a t  orbital  inclinations 

f rom 0 to 180 degrees.  

the f i r s t  containing a qualitative discussion of the various techniques involved, 

the second containing necessary parametr ic  data, and the third containing 

various derivations and other supporting material .  

1 . 2  

The handbook is divided into three  pa r t s ,  

ORBIT POSITION CONTROL FOR PASSIVE COMMUNICATIONS 
SATELLITES 

The orbit  position control techniques 'described in this section were  de- 

veloped for  the purpose of controlling the relative positions of a number of 

passive,  reflective communications satellites. Although the techniques have 

m o r e  general  applicability, their  description will be f ramed in t e r m s  of this 

model fo r  the sake of concreteness and simplicity. 

Ea r ly  passive reflective satell i te communication studies involved the use 

of la rge  inflatable balloons on the order  of 100 feet in diameter ,  such as 

ECHO I. These balloons were  placed in orbit in  a deflated condition and 



allowed to inflate to provide a relatively large surface which, when constructed 

of suitably R F  reflective mater ia l ,  reflected sufficient radio energy toward the 

ground to permit  successful communication ( see  figure 1-1, par t  a) .  A num- 

be r  of such satell i tes would be used in various orbits,  m o r e  o r  l e s s  randomly 

placed, permitting occasional loss  of communications capability whenever the 

satellites drifted apart  enough to leave coverage gaps. 

1. 2. 1 

' 

I 

, 

Gravity Gradient Lenticula-r Satellites 
1 

Several improvements to this concept were  proposed by various individuals. 

These included the use of lenticular reflective shapes and the use of satel l i tes  

whose position in orbit  was controlled by so lar  p re s su re  or  reradiation forces .  

The f i rs t  of these techniques s tems f rom the consideration that only a relative- 

ly small  portion of a spherical  reflective surface reflects radio energy in a 

useful direction toward the earth. Deleting par t  of the nonuseful portion of 

the sphere resul ts  in a lenticular shape ( a s  i l lustrated in figure 1 - 1 ,  par t  b) ,  

whose surfaces a r e  segments of a sphere.  

saving, permitting use of much la rger  satell i tes for  a given launch weight. 

(The upper surface of the lenticular shape is retained to  provide a symmetr i -  

cal  shape for  proper inflation. ) 

the lenticular shape, lightweight inflatable booms in a tripod o r  tetrapod a r -  

rangement position the masses  of the canis ter  and the attitude control and 

damping sys tem in  such a way that gravity-gradient forces  tend to  stabilize 

the satellite in the desired orientation. 

This resul ts  in a substantial weight 

In order  to maintain proper orientation of 

The gravity gradient lenticular satell i te is shown in m o r e  detail in  figure 

1-2. 

axes,  the unbalanced forces  resulting f rom 1/R 

distance tend to cause the satell i te to  stablize such that the axis associated 

with the smal les t  moment of iner t ia  is ver t ical  and the axis associated with 

the largest  moment of iner t ia  is perpendicular t o  the orbital  plane. 

tetrapod of inflatable booms is used to  position the m a s s e s  of the canis ter  and 

control sys tem far enough f r o m  the lenticule that the lenticule axis stabil izes 

If a satell i te has  unequal moments  of iner t ia  about its three  principal 
2 

variation of gravity with 

The 
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Figure 1-1. Communication By Passive Reflective Satellites 
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Figure 1-2 .  Lenticular Reflective Satellite 
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vertically,  while the yaw boom and masses  stabilize the satell i te in  yaw. 

lower tetrapod may be constructed of R F  t ransparent  mater ia l s  t o  minimize 

interference with the reflection, while the small  s ize  of the lower canis te r  

portion wi l l  minimize its effect. Several  damping mechanisms were studied 

( re ference  1 ,  section 2), with selection being made of a ro ta ry  damper  con- 

nected to  an Ames-type damping boom as illustrated. 

tween the damping boom and the yaw boom during satell i te l ibrations is t r ans -  

mitted to  the damping mechanism and damped by means of a ro ta ry  hys te res i s  

damper .  

tu re ,  the reader  shall  consult reference 1 .  

1 .  2. 2 Orbit Posit ion Control 

The 

Relative motion be-  

F o r  fur ther  information concerning the i l lustrated satell i te s t ruc -  

Considerable savings in the number of satellites required fo r  satisfactory 

communication coverage may be obtained i f  the relative positions of the satel-  

l i tes in orbit a r e  fixed rather  than allowed to drift  randomly. 

satel l i tes  of this type, i f  uncontrolled, will drift  in position in a complex man- 

ne r  due to the random differences in their  periods and unequal resu l t s  of va r -  

ious perturbing forces .  

satell i tes in some fixed pattern that will remain unaltered with the passage 

of t ime;  ra ther ,  orbit position control techniques will be required. 

techniques utilizing so lar  radiation pressure  and reradiat ion forces  were  

studied ( re ference  l ) ,  with two satell i te configurations selected as being most  

useful. 

tions A and B. (These two configurations a re  both symmetr ical ;  that is, they 

have tetrapod booms on both s ides  of the lenticular shape for  gravity-gradient 

stabilization. Unsymmetrical  configurations were a l so  considered as reported 

in  re ference  1 ; however, they were rejected because of the complicated s t ruc-  

t u re  and erect ion procedure. ) 

Lightweight 

F o r  this  reason, one cannot hope t o  establish the 

Several  

These two configurations a r e  illustrated in f igure  1 - 3  as configura- 

Configuration A consists of a lenticular shape constructed of ah opaque 

mater ia l  having a uniform outside absorptivity (fraction of incident radiant 

energy absorbed) of 0. 35 and a uniform inside emissivity of 0. 90. To obtain 
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1 unbalanced reradiation forces  for  orbit  position control, the outside emissivi-  

ty was chosen to be 0. 80 on one side of the satell i te and 0. 10 on the other. 

These values were  chosen on the bas i s  of temperature  tradeoff studies a s  d i s -  

cussed la te r  i n  par t  3. 

ponent of the so la r  radiation p r e s s u r e  force tangential to the orbit  tends to 

average out over the orbit ,  producing no semimajor axis variation. 

the unsymmetrical  external emissivity resul ts  in a small net force  due to  un- 

symmetr ical  reradiation of infrared energy f r o m  the satell i te,  the force  being 

approximately tangent to the orbit and directed toward the low emissivity side 

of the satell i te.  This fo rce  increases  o r  decreases  the energy of the orbit  

depending on the orientation of the satellite, thus changing the orbit  semi-  

mzjor axis,  i t s  period, and i t s  average angular rate.  The effect of the period 

change i s  !c s i - ~ s e  t h c  s~.tcEitc; dllguidr position to drift  with respect  to  the 

position of a s imi la r  satell i te of uniform external emissivity, thus achieving 

a variation in the position of the satell i te in its orbit which may be controlled 

by varying the yaw attitude of the satellite. 

l i te with the low-emissivity side i n  the direction of satell i te motion wi l l  in- 

c r e a s e  the energy and semimajor  axis of the orbit ,  increasing i t s  period and 

causing the relative angular position of the satellite to  dr i f t  backward. 

technique for  controlling the yaw attitude of the satell i te will be  discussed in  a 

l a t e r  paragraph. 

I 
Because of the uniform external absorptivity, the com- 

However, 

1 
I 

I 

F o r  example, orienting the satel-  

The 

The configuration B satell i te consists of a lenticular shape constructed of 

fine wire m e s h  imbedded in a photolyzable plastic film ( reference  2).  

supports the wire  mesh  s t ructure  during inflation and then is broken down in- 

to  volatile components by the action of sunlight; these volatile components 

evaporate in the vacuum of space to  leave only the ridged wire mesh  s t ruc ture  

remaining. 

percent t ransparent ) ,  the lenticular shape is  much l e s s  affected by solar  radi-  

ation p r e s s u r e  than the configuration A satellite. 

control, sails of lightweight mater ia l  a r e  added as shown. 

The film 

Because of the open nature of the mesh  (each side is about 95- 

To obtain orbit  position 

The sails utilize 



both direct  solar  p re s su re  and thermal  reradiation p res su re  to  obtain orbit  

position control (mobility). 

A simple example illustrating this is the case  in which the sun l ies  in the 

orbital plane of the satellite. 

and period of the orbit, the satell i te should be oriented with side 2 of the 

satellite in the direction of motion. 

which the satell i te i s  moving away f rom the sun (figure 1-4), the reflective 

surface ( a  = . 1)  will face the sun and the direct  so la r  radiation force  will be 

relatively large.  During the portion of the orbit  in which the satell i te i s  mov- 

ing toward the sun, the reflective surface wi l l  face away f rom the sun and the 

d i rec t  solar radiation force wi l l  be relatively small .  

so la r  radiation force over the whole orbit  w i l l  then be in the direction of 

satellite motion. 

is the side opposite to the direction of motion, the thermal  reradiation forces  

will also be in the direction of satell i te motion. Thus, energy is added to  the 

orbit both by direct  solar  p re s su re  and by thermal  reradiation forces ,  and 

the semimajor  axis and period a r e  increased a s  desired.  

absorptivity and emissivity shown in figure 1 - 3  were chosen on the basis  of 

temperature  tradeoff studies a s  discussed l a t e r  in  par t  3.  It is appropriate 

to  point out a t  this t ime that so la r  sa i l s  may be utilized with any shape satel-  

lite, s o  that the techniques and data presented in this handbook for  configura- 

tion B lenticular satell i tes a r e  a l so  applicable to  orbit position control of 

other types of satell i tes i f  the necessary  sa i l  a r e a  is provided. 

1. 2. 3 Mobility 

If it is desired to  increase  the semimajor  axis 

Then, during the portion of the orbit  in 

The average direct  

Since the sa i l  surface of high emissivity (side 1, E = 0. 8) 

The values of 

To  quantitatively discuss techniques of orbit  position control, the concept 

of mobility was introduced. 

change of orbital semimajor  axis ,  averaged over one orbital  period. 

Mobility may be defined as the t ime ra te  of 

The 

basic equations relating the period P and average angular velocity 9 of a 

satellite in  an elliptical orbi t  of semimajor  axis a a r e :  
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where K 

stant and m the m a s s  of the earth.  Using Taylor ' s  theorem, these equations 

may be approximated by l inear expressions in  the neighborhood of any chosen 

nominal altitude a,, so  that i f  A a  =-a-a,, A P  = P - P o ,  A 8  = 8 - 8, where 

is a constant equal to  2n/kVEi, K being Newton's gravitational con- 1 

. .  

P O = K  a. 3 / 2  and 6, = 2r t /P0 ,  then: 
1 

Yz ?,=: 2 I ( ,  (cu A a  

Thus, for example, an increase  in  semimajor  axis  Aa f rom some  nominal 

value will i nc rease  the orbi ta l  period, decreas ing  the average angular velocity 

and causing the angular position to  lag by the amount A e i n  relation to  its 

hypothetical position had i t  remained at the nominal semimajor  axis  value, 

a,. 

velocity w i l l  change at a corresponding rate: 

With the semimajo r  axis changing a t  a r a t e  & = M, the average  angular 

s o  that mobility can equivalently be expressed  as a t ime r a t e  of change of 

semimajor  axis ( M  = g, meters /day)  o r  as a t ime  r a t e  of change of average 

angular velocity (M = - ( A @ ) ,  degrees/day 

if the semimajor  axis  at the beginning of a t ime  in te rva l  A t  is taken as a , ,  

the angular position control obtained during that t ime interval  is the double 

integral  of the mobility, multiplied by the appropriate  dimensional constant: 

:: - h LA'( ><,r) L l t  degrees  

1 . 4 8 5 ~  10 

5/2 

d 2 2 
dt 

or  radians/day ). In ei ther  case ,  

14 
3 n  

when a, is i n  m e t e r s ,  M in  meters /day,  V' = a0 2 
where k = 

and A t  in  days; and where k = 1 when M is i n  degrees/day and A t  in  days.  



2 
If M is approximately constant in the interval At, then A e  -k M - 

degrees .  

1. 2. 4 Yaw Attitude Control 

A t  
2 

In order  t o  control the satellite mobility, means must  be provided to con- 

t ro l  its yaw attitude. F o r  example, for  configuration A satell i tes,  positive 

mobility (increasing semimajor  axis)  is obtained with the low emissivity side 

of the lenticule oriented in the direction of satell i te motion; t o  switch to a 

decreasing mode, the satellite must be rotated about the yaw (vertical)  axis 

through 180 degrees  to  orient the high emissivity side in the direction of 

motion. 

A number of techniques for  obtaining yaw attitude control were studied 
I - - $  ---.- - -  , A L A L A L L I L c  11, iiiLiuciing rne use 01 reaction wheels and magnetic torque coils. 

On the bas i s  of estimated weights and powers, a system was finally chosen 

whereby the lenticule and tetrapod boom assembly were pivoted with respect  

to  the yaw and damper boom assembly. 

tends to  maintain a fixed yaw attitude due to the action of the gravity-gradient 

forces ,  the lenticule/sail assembly can be controlled in yaw by rotating it 

with respect  to  the yaw/damper boom assembly. This is accomplished by 

means of a s tep-servo  motor driving through a hermetically sealed harmonic 

drive,  the whole assembly weighing only about 17 pounds including damper  

and power supply. 

Since the yaw and damper  boom 

Fur ther  details concerning the design and s t ruc ture  of 

this sys tem a r e  contained in reference 1 .  

1. 2. 5 Uncompensated, Fixed Compensation, and Continuous Compensation 
Control 

F o r  a configuration A satell i te (opaque lenticule), the mobility of the 

satell i te does not vary over an extreme range a s  a function of the sun-line 

inclination (inclination of sun-line to  orbital plane). This i s  i l lustrated in  

f igure 1-5, where  the satell i te orientation is  such that the high emissivity side 

i s  in the direct ion of satell i te motion (negative mobility). 

clination i 

The sun-line in- 

is the angle of the vector directed toward the sun f rom the orbit 
S 
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plane and i s  taken as  negative when the orbital motion as viewed f r o m  the sun 

is counter-clockwise. In pa r t  b of f igure 1-5, the variation for  configuration 

A is slight. 

F o r  the configuration B satell i te however, the mobility as a function of 

sun-line inclination va r i e s  significantly with satel l i te  yaw attitude. 

satell i te yaw attitude i s  specified by the angle 9 between the orbit  plane and 

the normal  to  the sail s ide 1, the angle being positive when counter-clockwise 

as  viewed f rom the radius vector as  i l lustrated in  f igure 1-5, par t  a. Figure 

1-5, pa r t  b shows the variation of mobility with sun-line inclination fo r  values 

of @ in the range (0  degree,  90 degrees)  and ( -90  degrees ,  -180 degrees ) ;  by 

considering the symmetry of the situation, values of mobility €or other values 

of 9 and i may be obtained f rom the formulas M(T - 0. i = - M ( p ,  i ~x! 

The 

S S -  S’ 
- i ) = M ( 9 ,  is) .  Points of importance are:  

S M(-@,  

Maximum mobilities a r e  obtained with Q in  the range ( 0  degree,  45 
degrees)  fo r  negative mobilities and Q in  the range (135 degrees ,  180 
degrees)  for  positive mobilities when i is  negative. F o r  i positive, 
the corresponding ranges a r e  (0  degrees,  -45 degrees)  and ( -135  de- 
g r e e s ,  - 180 degrees).  

@ = 0 degree  is undesirable at high sun-line inclinations. 

@ = +90 degrees  produces no mobility, and may be used to  provide a 
neutral  mode. 

S S 

In view of the variation of mobility with yaw attitude 9, th ree  control pro- 

cedures  a r e  defined 

0 

0 

Uncompensated Control - $9 = 0 o r  180 degrees  

Fixed Compensation Control - $9 is set  t o  a constant nonzero value 
representing a reasonable mobility compromise over the range of sun- 
l ine inclinations of interest .  Generally, the value of 9 is f 2 2 .  5 o r  
k167. 5 degrees  as appropriate. 

Continuous Compensation Control - @ is varied continuously with sun- 
l ine inclination t o  adhieve maximum mobility at all t imes.  

In general, the  fixed compensation control is believed t o  represent  the bes t  

compromise technique. Fur ther  details  regarding these th ree  procedures  may  
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be found in par t  2. A discussion of seve ra l  other control procedures  fo r  

configuration B satell i tes (the Phill ips concept and modifications) is p r e -  

sented in  reference 1. 

1. 2. 6 No-Neutral-Mode and Neutral-Mode Control Procedures  

Two relatively simple control procedures  which may be used for  orbit  

position control a r e  the no-neutral-mode and the neutral-mode procedures.  

In the no-neutral-mode, the satell i te is maintained alternately in increasing 

and decreasing mobility modes + M  of duration t 

1-6. 

in  angular position which looks sinusoidal but is actually composed of pa ra -  

bolic arcs .  The angular position is defined relative to  the angular position 

of a s imilar  satell i te in the same orbit  but having no orbit  position control 

capability. 

be the minimum detectable angular e r r o r ) ,  control is initiated in one of two 

ways. If the mobility mode at the t ime the e r r o r  limit is exceeded i s  in  the 

direction that would tend to increase  the angular e r r o r ,  the mobility is r e -  

versed  for a t ime period t as shown. The duration of t is chosen t o  r e -  

duce the angular e r r o r  to  ze ro  in a t ime interval t af ter  which a second 

mobility r eve r sa l  of duration t is applied; t is chosen to  reduce to  z e r o  

the period e r r o r  resulting f rom the correct ion t 

e r r o r  existing upon detection of the initial angular position e r r o r .  

event that the mobility mode a t  the t ime of initial angular position e r r o r  de- 

tection is al ready in the direction to dec rease  the angular position e r r o r ,  

mobility control is applied by delaying the normal  mobility reversa l  an interval 

t l ,  followed by a s imilar  delay t 

the same effects that the mobility r eve r sa l s  have in  the previous case.  

a s  i l lustrated in figure b’ 
This resul ts  in a nominally sawtooth variation of period and a variation 

When the t rue  angular position exceeds some limit 6 (which may 
E 

1’ 1 

b’ 

2 2 
a s  well as any other period 1 

In the 

l a t e r  for  an  interval t b 2’ These delays have 

F o r  the neutral-mode procedure,  the satell i te is normally maintained in  

a s ta te  of ze ro  mobility. 

of a configuration B satell i te by aligning the sail in  the orbi t  plane. If the 

angular position e r r o r  exceeds a limit 6 as shown in  figure 1-7, a mobility, 

F o r  example, this may be  accomplished i n  the c a s e  

E 

1-16 



Figure 1-6. No-Neutral Mode Control 
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M is  applied f o r  a period t l  such that a t  the end of t 
1 1 

e r r o r  has  been returned to  8 and the period e r r o r  is in  the direction to  de- 
€ 

c r e a s e  the angular position e r r o r .  (This i s  t rue  on the assumption that the 

period e r r o r  a t  initial angular position e r r o r  detection is in the direction to  

increase  in magnitude the angular position e r ro r .  

initial mobility pulse (M t ) may be eliminated. ) A second mobility pulse 

of magnitude M and duration t 2 2 
e r r o r  and period e r r o r  to  zero.  

the angular position 

If this is not the case ,  the 

1’ 1 
is then applied to  reduce both angular position 
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2. PARAMETRIC DATA 

2 .1  U S E  O F  THIS HANDBOOK 
-P Explanations of the var ious data appearing in  this handbook may be found i n  

paragraph 2. 2 .  

appears  in par t  3 .  

example.  

More detailed derivations and other supporting mater ia l  

The use of the paramet r ic  data is bes t  i l lustrated by  an 

Suppose that a system of passive communications satel l i tes  is  to  be placed 

in orbit .  

altitude and 40-degree inclination, spaced 120 degrees  in right ascension. 

the coverage requirer ,ents  of paragraph 3 . 6  a r e  used, five satel l i tes  will be 

required p e r  orhi t ,  2nd t h e  ~ ! ! C Y ; Z ~ _ ? Z  F G s i t i G i i  ~ L L U L  W L L L  De - 0 .  r3-aegree. 

Assume two fur ther  requirements:  

Suppose a tentative choice is made to  use th ree  orbi ts  of 4000-nmi 

If 

.-. . , - -  

The five satel l i tes  in a given orbi t  a r e  to be placed in orbi t  by a single 
vehicle, the placement to require  no m o r e  than 2 months 

The d iameter  required a t  4000-nmi altitude i s  500 ft. 

The required mobility may be found by use of information presented in 

f igures  2-1 o r  2-2. 

point, the grea tes t  angular correct ions t o  be made a r e  *144 degrees .  

they a r e  launched by a single vehicle, they will all have almost  exactly the 

same period; a s sume  therefore  that .A Po i s  zero .  To move a satell i te forward,  

Since A P o  is zero ,  table 2 - 1  indicates the c o r r e c t  initial 
@d 
mobility i s  altitude decreasing,  with the co r rec t  sign choice mode ( t, t). 

An init ial  altitude increasing mode could not be used for  negative !B in this 

ca se ,  since i t  would imply a (t, - )  sign choice mode and fo r  A Po = 0, only 

the (t ,  t) sign choice mode exis ts ,  a s  may be seen by examination of the 

cu rves  of the upper right quadrant of figures 2-1 or 2-2. 

sa te l l i te  angle change could be obtained by moving the satell i te backward 

If five satel l i tes  a r e  to be evenly spaced f r o m  a single 

Since 

i s  negative, 

d 

(The equivalent 
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TABLE 2 - 1  

SIGN CHOICES F O R  MANEUVER TIME t- 
111 

Initial Mobility 

Altitude increasing 

Altitude decreasing 

Sign A P, 

t 

- 
( o r  ze ro )  

t 
( o r  z e r o )  

d 
Sign Q Sign Choice Mode 

360 degrees  -144 degrees  = 216  degrees  ra ther  than forward 144 degrees .  

In this case ,  ’? 

increasing, and again the proper sign choice mode would be (t, t). ) Using 

the ( t ,  t) sign choice mode and f igure 2 - 2 ,  a t r a i l  and e r r o r  procedure l eads  

to the following resu l t s :  

would be positive, the initial mobility mode would be 
d 

Mobility t , days 
m 

1500 
1000 
800 

44 
53 
60 

Thus, the required mobility to  achieve the initial satell i te placement is 800 

m e t e r s  1 day. 

In order to ensure that this  placement m a y  be made under all conditions, 

this value of mobility will be taken as  the minimum mobility. 

the configuration B satell i te using fixed compensation control.  

f igure 2 - 3 ,  

Consider now 

Refering t o  
2 

the minimum mobility fo r  an a rea- to-mass  ra t io  of 5 f t  / l b  for  

2 -2 
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a 4000-nmi 40-degree inclination orbit  is 512 meters /day .  Thus, the 

a rea- to-mass  ratio required to achieve a minimum mobility of 800 m e t e r s /  

day i s  7 .81 f t2/ lb .  (E x 5) 

Suppose this a rea- to-mass  ratio may be obtained with a satell i te weight of 

The required R /D rat io  a t  4000-nmi 5 , 0 0 0  lb  and a sai l  a r e a  of 39 ,000  sq f t .  

altitude, f rom figure 2-4, i s  0. 99, so that R=495 f t .  Using the equations of 

paragraph 2 .  2.4. 2, the equivalent a rea- to-mass  rat io  for eccentricity scaling 

i s  10. 33  ft / lb.  F r o m  figure 2 -5  a maximum eccentricity of .064 i s  obtained 

for i = 40 degrees ,  h = 4000 nmi for  an area- to-mass ratio of 20 f t  / lb.  

maximum eccentricity for an area- to-mass rat io  of 10. 33 is thus 

( l o o  33 /20)0.064 = 0.0331. 

With this information. the varini is  Prrnrc m i y  be f c ~ n d .  

2 0 

2 
The 

b ~ ~ c m t  2 ?????.! 

of 4 degrees .  The 
E’ type control with t = 20 days and an e r r o r  l imit ,  

duration of the f i r s t  correct ion mobility pulse i f  8 is exceeded will be about 

0 . 7  day, f rom figure 2-6.  If a period e r r o r  A Po of 0. 3 second exis ts  a t  the 

t ime the angular position e r r o r  exceeds 0 

angular position e r r o r  i s  increasing, t will be l e s s  than t by 0. 13 day 

(figure 2 - 7 ) ,  so  that t = 0. 7 - 0. 13 = 0. 57 day. The value of 8 obtained 

f r o m  figure 2-8 for  a mobility of 80 m/day and a period e r r o r A  Po of 3 

second, at  h = 4000 nmi ,  i s  about 4 .5  degrees .  Scaling by ( -  ) and 

( F~), and dividing by 2 to account for the use of N N M  control, an angular 

e r r o r  due to  the period e r r o r  A Po of 8 

andA Po = 0 . 3  second i s  obtained. 

B 

E 

and i f  A Po i s  such that the 
E’ 

2 1 

2 1 

1 2  
10 

1 

= 0.0022 degree for M = 800 m e t e r s  
1 

F r o m  figure 2-9,  f o r  mobility of 80 meters  per  day and a mode change 

t ime of 0. 3 day ( fo r  example), an e r r o r  of 0.92 degree is obtained; scaling 

by 10, and multiplying by 2 to account for the use of NNM control, a value of 

0.4 degree i s  obtained f o r  18 F r o m  figure 2-10, an  overshoot e r r o r  due 
2 

to command delay of 0.04 degree for  A Po = 3 second, o r  18 

fo r  A Po = 0.3  second, is obtained fo r  a command delay t ime of 1 day. 

Finally f r o m  figure 2-11, a value of 8 

I .  
I = 0.004 degree 

3 

of 3 .8  degrees  is obtained. 
6 



Figure 2-3. Minimum Mobility, MMIN, V s  Orbit  
Inclination i, Configuration B. 
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Figure 2-4. R / D  Ratio Vs Altitude 
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. . - 1  ..: 3 

i 

Figure 2-11. Angular Position E r r o r  Vs Eccentricity 

Assuming these e r r o r s  to add in a worst  c a s e  situation, the total  wors t  

ca se  e r r o r  would be 10 

tO.004 t 3.8z7.2 degrees .  

degrees.  

0.37 day, 

required limits. 

I t I O1 I t I O2 I t I O3 I t I O 6  I = 4 t 0.0022 t 0.4 E 
This is g rea t e r  than the allowed e r r o r  of 6.75 

= 3 degrees ,  t 0 .52  day and t - 
E 2- 

Repeating the calculation fo r  8 

the worst  ca se  e r r o r  is 6 . 2  degrees  which is within the 

2-14 



Use of the var ious data graphs for a configuration A satell i te is s imilar  to 

The major  difference i s  the dependence of mobility on that described above. 

the shape factor ,  R/D.  

2 - 1 2  can be used to find the minimum mobility for  a satell i te having a weight 

of 1500 lb,  a lenticule diameter ,  D ,  of 267 f t ,  and a radius of curvature,  

R,  of 200 f t .  
2 2 

(500 / 2 6 7  ) and then by the appropriate shape factor  ( R / D  = 0.99; 200/267 = 

0.75) a s  given in f igure 2-13 to  provide a value of minimum mobility f o r  a 

1500-lb satell i te having a radius of curvature of R = 495 f t  and a diameter  

D = 500 f t .  The maximum m a s s  allowed to  achieve the required minimum 

mobility of 800 mete r s /day  may then be found. 

satell i te weight, the resulting minimum mobility may be found and compared 

with the required value of 800 meters /day to determine if  the requirement 

can be met.  

satell i te a r e  s imilar  to those for the configuration B satellite. 

F o r  a given minimum mobility requirement,  figure 

This value must  f i r s t  be scaled by the rat io  of diameter  squared 

Alternatively, given the 

Eccentricity and e r r o r  calculations fo r  the configuration A 
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Figure  2-12. Minimum Mobility MMIN V s  Orbit  
Inclination, i, Configuration A 
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Figure  2 - 1 3 .  Normalized Shape Factor U s  R / D  Ratio, Configuration A 
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2 . 2  DATA 

2. 2. 1 Mobility Versus Altitude and Orbital  Inclination 

In this paragraph, data a r e  presented relating the mobility of the two 

satell i te configurations to the satell i te altitude and orbital  inclination. 

Approximately c i r cu la r  orbi ts  were  assumed.  

satell i te,  fixed compensated control was assumed with 8 = *22. 5 or  *167. 5 

degrees  a s  appropriate ,  since continuous compensated control appears  t o  

offer only small  improvement in  re turn  f o r  the additional complexity involved. 

The data relating mobility to altitude and orbital  inclination was prepared 

F o r  the configuration B 

by f i r s t  separately considering the following relations:  

Mobility ve r sus  semimajor  axis and sun-line inclination, for  a constant 
size,  weight, and shape satell i te 

Mobility ve r sus  shape factor ;  i .  e . ,  the effect of variation of the ra t io  of 
radius J f  curvature  of the lenticule to  i t s  d iameter  
applicable to configuration B satel l i tes ,  s ince the shape of the satell i te 
has  no  effect on the mobility in this ca se ) .  

Shape factor  v e r s u s  altitude; i .  e . ,  the required shape factor  for  full 
ear th  coverage a s  a function of altitude 
cable to  configuration B satel l i tes) .  

0 
( this  factor  is  not 

0 

( this  factor  i s  a lso not appli- 

0 Distribution of sun-line inclinations as a function of orbital  
inclination. 

Scaling relations were  derived for  these var ious effects and checked by 

digital computer simulation. The separa te  scaling relations were  then 

combined to yield the final data relating mobility to  altitude and orbital  

inclination. In the following subsections,  data relating to these various 

separa te  effects and their  combined effects a r e  presented. 

the various scaling formulas  may be found in paragraph 3 .  1. 

mobility i s  constant a t  any fixed altitude and sun-line inclination for  a given 

satell i te shape and area- to-mass  rat io ,  r ega rd le s s  of satell i te s ize .  F o r  

given shape but var iable  a rea - to -mass  rat io ,  mobility i s  proportional to 

a rea - to -mass  ratio,  so that all mobility data  may be scaled with a rea - to -  

m a s s  ratio by multiplying by the ra t io  of ( a rea - to -mass  rat io  des i red)  to  

(a rea- to-mass  ra t io  for presented data) .  

Derivations of 

In all  c a s e s ,  

2 -18 



2. 2. 1. 1 Mobility Versus Semimajor  Axis and Sun-line Inclination 

The scaling equations giving mobility a s  a function of the semimajor  

axis  and of the sun-line inclination may be found i n  paragraph 3. 1 (equations 

3-43 to 3 - 4 5 )  for  configuration A satell i tes and in the table found in  paragraph 

3 .  1 for  configuration B satell i tes.  

paragraph 3 .  1. 

the configuration A satell i te (opaque lenticule) and in f igure 2-15 f o r  the 

configuration B satell i te ( sa i l ) .  

compensation control)  was assumed for  the configuration B satell i te,  where 

9 i s  the angle between the normal  to  the sail  and the orbi t  plane. %k 

2 .  2. 1. 2 Mobility Versus Shape Fac to r  

Derivations may a l so  be found i n  

The equations a r e  plotted paramet r ica l ly  i n  figure 2-14 for  

A sail angle of $B = 22. 5 degree  (fixed 

For  the configuration A satell i te,  the mobility v a r i e s  a s  a function of 
I 

the shape of the lenticule,  due to  variations of the tempera ture  distribution 

with shape. A scaling equation for  the variation of mobility with R and D is 

given below, where R is the radius  of curvature  of the lenticule shape and D 

i s  i t s  d iameter .  

::: The c u r v e s  f o r  configuration A were prepared using data generated by 
the mobility digital computer program (paragraph 3.4) for  alt i tudes of 
1, 000, 2,  000, 6, 000, and 19,400 nmi. For  altitudes of 16,000 and 14,000 
nmi, the data  were  scaled in altitude f rom 19,400 nmi. 
10 ,000  and 12,000 the average of values scaled f r o m  6,000 and 19,400 were  
used, while data  f o r  8, 000 nmi  were  sealed f r o m  6, 000-nmi altitude. Data 
f o r  3000-  and 4000-nmi altitudes were  obtained by  averaging values scaled 
f r o m  2000 and 6000 nmi. F o r  configuration B, the scaling equations of the 
table of paragraph  3 .1  provided exact mobility values when used with ap- 
propriate  constants  of proportionality. 

F o r  alt i tudes of 
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Figure 2-  14. Mobility vs Sun-Line Inclination, Configuration A 
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The derivation of this equation i s  given in paragraph 3 .  1. 

i s  graphed in figure 2-13, (page 2-1’7) in  normalized form; i. e . ,  F (R, D, i ) 

The shape factor  

S S 

where R 200 ft ,  D = 267 ft 

2 .2 .1 .3  R / D  Versus h 
0 0 

A relation between the rat io  of lenticule radius  of curva ture  R to i t s  

diameter  D and altitude h i s  given by: 

where: R i s  the ear th  radius 
e 

h i s  the satell i te altitude 

* E  i s  the allowable pointing e r r o r  

This relation i s  derived in paragraph 3 .  1, based on the requirement  that the 

lenticule cover the en t i re  ear th  at  any given altitude and for  pointing e r r o r s  

up to f c  ( i .  e . ,  the solid angle subtended by the lenticule a t  i t s  center  of 

curvature  should be grea te r  than the solid angle subtended by the ear th  by 

an amount sufficient t o  accommodate pointing e r r o r s  a s  grea t  a s  *E f r o m  

the ver t ical) .  

2. 2. 1. 4 

This relation i s  showr? graphically in  figure 2-4 (page 2 - 7 ) .  

Sun-line Inclination Distribution 

The sun-line inclination, i , (angle between the sun-line vector  and the 

orbital  plane) va r i e s  with the yearly orbital  motion of the ea r th  and with the 

precesion of the right ascension of the satell i te orbit .  

pr imari ly  of two sinusoidal components, one of 23 degrees  amplitude (due to  

the inclination of the plane of the equator)  and the second of amplitude equal to 

the satellite inclination. The phase of these  components i s  somewhat random. 

Using the Lifetime-18 computer p rogram (paragraph  3 .  4), distributions of 

sun-line inclination angles over a 20-year period were  obtained for  a number 

of orbit  inclinations, using orbi ts  of 2000-nmi altitude. 

tr ibutions a r e  shown i n  figure 2-16  and a r e  essent ia l ly  independent of 

altitude. 

S 

The variation cons is t s  

The result ing d i s -  
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Figure 2-16. Distribution Of Sun-Line Inclinations 

2. 2. 1. 5 Mobility Versus Altitude and Orbital Inclination 

Using the relations of paragraph 2. 2.1. 1 through 2. 2. 1 .4 ,  the mobility a s  

a function of altitude, h ,  and orbital inclination, i ,  is  found a s  follows: 

0 Choose h and i 

Determine M ve r sus  is for  the given altitude, h, and nominal shape 
factor  (R = 200 ft ,  D = 267 f t )  OP area- to-mass  rat io  (5  f t / lb )  

2 -23 



0 Choose the minimum and maximum values of M over the range of the 
is distribution corresponding to  the chosen orbital  inclination, i. 
These two values a r e  defined as Mmin and Mmax. 
the distribution of is to  yield Ma,,. 

Average M over 

Correct  values of Mmin, Mmax, Ma,, by scaling by the shape factor*, 
by D2 ,  and inversely with mass ,  in the case  of configuration A sa te l -  
lites. F o r  configuration B satell i tes,  the correct ions a r e  made b y  
scaling according to  a rea - to -mass  ratio. R/D as a function of h may 
be obtained f o r  scaling purposes f rom figure 2-4 (page 2-7). 

The above procedure was followed fo r  a satell i te of constant shape, having 

a diameter of 267 ft,  a lenticule r’adius of curvature  of 200 ft ,  and a satell i te 

weight of 1500 lb 

figure 2-12 (page 2-16) and f igures  2-17 through 2-23. 

other  shape factors may be accomplished by use of figure 2-13 (page 2-17). 

Scaling for other values of satellite diameter  and m a s s  may be accomplished 

(configuration A satell i te) .  The resul ts  a r e  presented in  

Scaling for  

2 
by s c a l i n g  i n  proportion to the ratio D /mass. 

For  configuration B satell i tes,  s imi la r  resul ts  a re  presented in  figure 2-3  

(page 2-6) and figures 2-24 through 2-30. A constant area/mass rat io  of 
2 5 ft /lb w a s  used throughout. 

accomplished by scaling in  direct  proportion to  area- to-mas s ratio. 

Scaling for  other area- to-mass ratios may be 

~ 

* To scale  by shape factor ,  an  average value of is must  be chosen. In 
mos t  cases ,  the peak of the i, distribution curve (figure 2-16) is suitable. 
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F igure  2-17. Maximum Mobility Mmax V s  Orbi t  
Inclination i, Configuration A 
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. , . .  

Figure  2-18 .  Average Mobility Mave V s  Orbit  
Inclination i, Configuration A 
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Figure  2-19 .  1000-nmi Mobility V s  Orbit 
Inclination i d  Configuration A 
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Figure  2-20.  2000-nmi Mobility V s  Orbit  
Inclination, i, Configuration A 

2-28 



Figure  2-21. 4000-nmi Mobility vs Orbit  
Inclination, i, Configuration A 
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Figure 2-22 .  8000-nmi Mobility v s  Orbit 
Inclination, i, Configuration A 
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Figure  2-23.  16 ,000  nmi Mobility V s  Orbi t  Inclination, i, 
Configuration A 
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Figure 2-24. Maximum Mobility MmaX vs Orbit Inclination, i, 
Configuration B 
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Figure 2-26. 1000-nmi Mobility V s  Orbit  Inclination, i, 
Configuration B 
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F i g u r e  2-28. 4000-nmi Mobility V s  Orbit  Inclination, i ,  
Configuration B 
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Figure 2-30. 16,000-nmi Mobility V s  Orbi t  Inclination, i ,  
Configuration B 
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2. 2. 2 Mobilitv Versus Control Techniaue 

2. 2. 2. 1 Configuration B 

F o r  the configuration B satell i te (solar  sail) ,  the mobility obtained for  a 

given area- to-mass  ratio depends on the angle of the sail with respect  t o  the 

orbital  plane. un- 

compensated control ( sa i l  perpendicular to the orbit plane), fixed compensa- 

tion control (fixed sai l  angle), and continuous compensation control (sail angle 

var ied to  maximize mobility). The data source was a digital computer simu- 

lation using the mobility program described in  paragraph 3-4. 

Data relating to three  control techniques a r e  presented  

I Figures  2-31 through 2-35 contain data relating to  the mobility of a con- 
~ 

figuration B satell i te a s  a function of sun-line inclination, is, and sa i l  angle, 

@ ,  where i 

toward the sun, and the sai l  angle, @, is the angle between the normal  to  the 

sa i l  (side 1) and the orbital  plane. The sign if  i 

tive, the motion of the satell i te in its orbit is counter-clockwise when viewed 

f rom the sun. 

viewed f rom the radius vector,  looking toward the orbit  center.  

a r ea - to -mass  ratio of 5 ft /lb was chosen (actually this f igure is the rat io  of 

sa i l  a r e a  in square feet  to  the ear th  weight of the satell i te in pounds). Since 

the mobility of such a satell i te is proportional to its a rea- to-mass  ratio, 

these curves  may be scaled easily for other satell i te s izes  and weights. 

tudes of 1000, 2000, 4000, and 8000 nmi and synchronous altitudes a r e  con- 

s idered with the orbits assumed approximately circular .  The range of i and 

@ plotted a r e  0 to  -90  degrees  and 0 to  45 degrees ,  respectively; values of 0 
between 45 and 135 degrees  resul t  in  low mobilities for  a l l  sun-line inclinations 

and a r e  thus not shown. 

be  obtained f rom the equations of symmetry: 

is the angle between the orbital plane and a vector directed 
S 

is such that when i is nega- 
S S 

The angle @ is positive counter-clockwise when the satell i te is 

A constant 
2 

Alti- 

S 

Mobilities for  other inclinations and sai l  angles may 
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Figure  2-32.  Mobility Vs. is, Q,  Configuration B (2000 NMI) 
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Figure 2 - 3 3 .  Mobility Vs. i , 0, Configuration B, (4000 NMI) 
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Figure  2-34 .  Mobility Vs.  i , 0, Configuration B (8000 NMI) 
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Figure 2-35 .  Mobility Vs. is, @ ,  Configuration B (Synchronous Altitude) 
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Figures  2-36 through 2-40 present  s imilar  data for  the three  control 

techniques. 

control is simply the upper envelope of the constant 0 curves  of f igures  2-32’ 

through 2-  35, while the uncompensated and fixed compensation curves a r e  

simply those associated with the values 8 = 0 degrees  and 0 = 22. 5 degrees ,  

respectively. 

compromise over sun-line inclination of -90 to t90 degrees ,  fo r  a synchro- 

nous orbit with an orbital inclination of 0 degree, a fixed compensation angle 

of - t 1 5  o r  - t 1 7 5  degrees  would be appropriate, since the range of sun-line 

inclinations i s  only -23 to  23 degrees  in this case.  In general ,  the uncom- 

pensated control mobilities a r e  poor over a wide range of sun-line inclina- 

tions. 

mobility, but the improvement offered by continuous control over fixed 

compensation is slight. 

2.  2. 2. 2 Configuration A 

It may be noted that the curve for the continuous compensation 

While 8 = - t22. 5 degrees  o r  - t167.5 degrees  is a reasonable 

The two compensated control techniques give generally bet ter  

F o r  the configuration A satell i te,  results of computer simulation indicate 

that maximum mobility is obtained with the separation plane (the plane 

u separating the high emissivity side of the lenticule f rom the low emissivity 

s ide)  perpendicular to the orbit  plane. 

that with this alignment the reradiation forces  will be approximately aligned 

with o r  against  the satell i te velocity vector and will thus be most  effective 

in increasing o r  decreasing the energy of the orbit. 

satell i te,  t he re  is thus only one logical control concept t o  use that is, 

@ = 0 o r  180 degrees ,  and graphs of mobility versus  control technique o r  

ve r sus  yaw attitude angle a r e  not applicable. 

This supports the intuitive concept 

For the configuration A 
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Figure 2-39 .  Mobility Vs. is; Configuration B (8000 NMI) 
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2.  2. 3 Determination of Maneuver Times 

Both altitude (period) and angular position of the satellite, relative to  an 

uncontrolled satell i te,  may be changed by a basic maneuver which consists 

of placing the satellite in opposite modes of operation for  specific amounts 

of time. Such a maneuver may be required, for  example, during the initial 

placement and spacing of the satellite. ( F o r  additional control, procedures 

applicable to correct ion of small  period and angular e r r o r s ,  re fe r  to 

paragraph 2 . 3 . 5 )  

Assuming a constant mobility magnitude, the proper number of orbits 

to remain in each mobility mode a r e  given by the following equations ( see  

paragraph 3-2) :  

- r -  A/, - - 

3 2  
- K ,  ~ 4 ’  p1 2 

where: N 1 
( N  -N ) is the number of orbits in the second mobility mode 2 1  

A P o  

’d 
a 

M is the mobility magnitude 

is the number of orbits in the f i rs t  mobility mode 

i s  the initial period minus the desired period 

is  the actual angular position minus the desired angular position 

is  the desired semimajor  axis 

3 1 2  K1 = 3 .  147 X s e c / m e t e r  

The (*) and (7) sign choices depend on the initial mobility mode. The upper 

1 sign represents  the case  in which a satellite i s  placed in an increasing energy 

mode during the initial N 1 
remaining ( N  -N ) orbits. 

orbits and in a decreasing energy mode during the 

2 1  

2 -51 



The time required fo r  the basic maneuver is  given by: 

where the same sign conventions a r e  used. 

2-4) parametr ic  curves  a r e  shown for the equation 

In figures 2-1 and 2-2, (pages 2-3, 

L 

Table 2- 1 (page 2-2)  gives the sign choice convention to be used with these 

curves,  where the symbols ( tJ  t), (t, -), ( - ,  t), ( - '  - )  re fer  to the co r re -  

sponding segments of the curves of the upper right-hand quadrant. 

these sign choices will correspond to the sign convention previously explained 

for the equations for N Figure 2 - 1  covers  a range of parameters  

appropriate to  a low altitude satell i te,  while figure 2 - 2  covers a range 

appropriate to  high satell i tes.  These curves a r e  read clockwise, a s  

illustrated. That is, start ing with an initial value of 4 (e .  g., 200 degrees) ,  

proceed vertically to the appropriate mobility curves  shown in solid l ines 

(e.  g . ,  M = 200); then proceed horizontally to an appropriate altitude line 

(broken l ines;  e .  g. Next move vertically to the required 

A P  curve ( e .g .  A P  = 5,  (t, t) sign choice mode). Move horizontally 

and then vertically to the appropriate altitude and mobility curves ,  and finally 

proceed horizontally to  read the maneuver t ime 

provided, scale 1 corresponding to the solid mobility l ines and scale 2 to  the 

broken l ines.  = 112 

days may be read f rom scale  1.  

Use of 

and N2. 1 

d 

h = 2000 nmi).  

0 

Two scales  of t a r e  
M' M 

t 

In this example the solid M = 200 curve is used, and t M 

There a r e  generally several  ways in which the same A P ,  and $?I change 
d 

may be made, since any angular position change of $?I f 2 n n ,  n = 0,  1, 2 , .  . . 
is equivalent to  9 

maneuver t ime must  be found by t r i a l  and e r r o r ,  and generally is l e s s  than 

approximately 37r in magnitude. 

determine optimum values of N 

in a tr ial  and e r r o r  routine. 

d 
The value of $?I f 2nn required to provide minimum 

d' d 

A computer program was developed to  

and N 1 2' 
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2.  2. 4 Eccentricitv Perturbations 

2. 2. 4. 1 Spherical  Satellite Eccentricity Data 

In order  to  compute the maximum eccentricity reached by a par t icular  

orbit ,  the Lifetime 18 program has been used to  calculate the eccentricity 

oscillation of the orbit over a 5-year period, and the maximum point during 

I that 5-year  period has  been retained. These data were calculated over the 

full range of altitude and eccentricity and a re  shown in  figures 2-5 (page 2-8) and 

It i s  fa i r ly  well known that the solar  pressure  perturbing forces  on a high 

a rea - to -mass  ratio satell i te cause significant perturbations of the orbital  

eccentricity. Fur thermore ,  at  cer ta in  cr i t ical  altitudes and inclinations, 

these perturbations cause an orbital resonance condition (eccentricity con- 

tinues to increase  until satell i te falls  into dense atmosphere.  ) 

However, in order  to attain efficient station keeping of a s e t  of satell i tes 

in approximately the same  orbit, i t  becomes necessary to maintain the ec-  

centricity of the orbit  within some acceptable l imits.  

maintaining sma l l  eccentricity a r e  the degradation of the lifetime of a satel-  

Among the reasons for  

I 

I l i te a t  the lower altitudes, a p s s i b l e  h a s  of mobility due t o  ear th  shadowing 

effects, higher power requirements due to  altitude variation, and a variation 

in the spacing of the satell i tes.  Fo r  these reasons,  computations have been 

made to determine the maximum eccentricity which could be  expected as a 

function of altitude and inclination. 
I 

~ 

~ 

I 

2-41 through 2-45 f o r  various altitudes as a function of orbi ta l  inclination. 

data shown in  these plots have been calculated fo r  a uniformly coated specular 

spherical  satell i te having a cross-sect ional  a rea- to-mass  rat io  of 20 square 

feet per  pound. 

l i tes can be performed through the use of the extrapolation formulas  given in  

paragraph 2.  2. 4. 2. 

graph 3 - 7 .  

All 

Extrapolation of these data to  the configuration A and B satel-  

The derivation of these expressions is presented in para-  
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As can  be seen, there  a r e  several  distinct resonances at  the lower altitudes. 

The various conditions which can result  in orbital  resonance can be described 

by the following relationships; 

i l t b - i i ?  = o  (stationary per igee)  

i t n t a  = o  (equal and opposite motion) 

; - 5 2 t h = o  (s ta i r  step effect) 

i t n - s l  = o  (s ta i rs tep effect) 

S 

S 

S 

S 

G - Q = O  (perigee in phase with sun-line) 

; t  k ! = o  (perigee in phase with sun-line) 
S 

S 

where 2, 9 ,  and 9 a r e  the motion of the argument of perigee,  the precession 

of the right ascension, and the apparent motion of the sun, respectively. F o r  

re t rograde orb i t s ,  the sign of should be changed, since by definition posi- 

tive G changes f rom a counterclockwise rotation to a clockwise rotation when 

looking down f rom the north pole. 

severa l  of these resonances is given in paragraph 3-8. 

S 

A discussion of the physical causes  of 

Contours of constant maximum eccentricity have been determined f rom the 

data shown in figures L-5 and 2-41 through 2-45 and a contour map of the maxi- 

mum eccentricity versus  altitude and inclination is shown in figures 2-46 and 

2-47. 

on these f igures .  

general  not symmetr ic  with respect to  the 90-degrees inclination line. 

indicates that should any particular desired orbit fall in a region of resonance, 

the re t rograde  equivalent of that orbit could be substituted in most cases .  

Resonance regions and regions of high eccentricity a r e  c lear ly  indicated 

It is interesting to  note that the resonant regions a r e  i n  

This 

The various peaks shown in  the maximum eccentricity data have been 

categorized with respect  to the conditions causing them, and this information 

is summarized in  f igure 2-48. The numbers on these lines correspond to the 

numbered resonance conditions given above. None of the calculated peaks 

could be attributed to  condition number four, although it is a theoretically 

possible peak. 
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The stability of the resonance appears  to be a function of both the altitude 

and the condition causing the resonance. In general ,  the resonances tend to 

become wider but weaker with increasing altitude due to  the decreasing pro-  

cession r a t e s  of the orbit. F o r  posigrade orbits,  conditions Nos. 1 and 5 

a r e  seen to cause the most  stable resonances while for  re t rograde orbi ts ,  

conditions N o s .  3 and 6 cause the most  stable resonance. Condition No. 3 

for  posigrade orbits is also seen to  cause a very stable resonance at low 

altitudes but quickly merges  with other conditions and becomes much weaker 

a t  higher altitudes. 

l e s s  stable resonance. 

A l l  other conditions a r e  seen to  produce a considerably 

In order  that the perigee altitude may be readily obtained for  any of the 

orbital  conditions, f igure 2-49 is included to graphically obtain this f igure 

a s  a function of both semimajor  axis and eccentricity. 

It is a l so  known that fo r  high inclination orbits the maximum eccentricity 

reached by the orbit  is a function also of the launch date (t ime of yea r )  and 

the launch t ime of day (right ascension). 

calculated fo r  a launch date of 2 1  March and a launch right ascension of 0 

degrees  (launched at  vernal equinox with the sun-line in  the plane of the orbit). 

The variation of the maximum eccentricity as a function of launch date is 

known to be sinusoidal in nature with a period of 1-year and a peak-to-peak 

amplitude of as much a s  2 5  percent of the nominal values. 

variation with respect  t o  launch right ascension is somewhat i r r egu la r  and 

may change the maximum eccentricity by as much a s  50 percent f rom a 

nominal average value. 

tion of these var iables  should be made where the maximum eccentricity is 

cr i t ical  to a par t icular  application. 

2 .  2 .  4. 2 Eccentricity Scaling 

A l l  data shown in this report  were  

However, the 

The user  is cautioned that a m o r e  detailed examina- 

Pa rag raph  2. 2. 4. 1 presented a discussion of the eccentricity due to  so la r  

forces  on a spherical  satell i te and included a quantity of data for  this case.  

In order  to use these data, equivalent a rea- to-mass  rat ios  a r e  defined f o r  
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configuration A and B lenticular satel l i tes ;  the eccentricity data may then be 

scaled in proportion to  the rat io  of the equivalent a r ea - to -mass  ra t io  to  the 

a rea - to -mass  ra t io  assumed for  the data plotted (20  f t  /lb). Derivations of 

these equivalent a r ea - to -mass  rat io  formulas may be found i n  paragraph 3. 7. 

2. 2 .  4. 2. 1 

the equivalent a r ea - to -mass  rat io  for  eccentricity scaling is given by: 

2 

Configuration A-For a configuration A (opaque lens)  satell i te,  

where: 

1) is the lenticule d iameter  

R is the lenticule radius of curvature  

M is the satell i te m a s s  

r is the reflectivity of the lenticule 

A diffuse reflecting surface w a s  assumed for the lenticule. 

relations were  checked by computer simulation (paragraph 3 .  7) fo r  a range 

of pa rame te r  values about nominal values of R = 200, D = 267' and found to  

be reasonably accurate.  However, caution should be  observed i n  extrapolat-  

ing beyond a factor  of 2 o r  3 f rom these nominal values, since they have not 

been checked beyond these ranges. 

2. 2. 4. 2 .  2 

fixed compensation control,  the equivalent a rea- to-mass  ra t io  f o r  eccentricity 

scaling is given by: 

These scaling 

Configuration B-For a configuration B (sa i l )  satell i te,  assuming 

A 
where i is  the  orbital  inclination, A the sail a r ea ,  r the average reflectivity 

of the two sail su r faces ,  and the other t e rms  have been defined previously. 

' 
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2. 2 5 Maximum Angular Posit ion E r r o r  and Mobilitv Control P rocedures  

The maximum angular position e r r o r  of a controlled satel l i te  depends on 

the mobility control procedure used.  

cedures ,  which a r e  defined below. F o r  a more complete discussion of the 

two control  procedures  and f o r  a derivation of the e r r o r  formula,  r e f e r  to 

paragraph . 3 .  3.  

2 .  2 .  5. 1 

2. 2. 5. 1.  1 No Neutral  Mode (NNM) - The satellite is maintained al ternately in  

increasing and decreasing mobility modes with mobility f M, the t ime  t 

each phase being on the o rde r  of 15 to  30 days. 

e r r o r  of the satell i te with respect  to  i t s  desired position exceeds a l imit ,  8 

in e i ther  direct ion,  a se t  of two mobility pulses of opposite sign and separated 

by the interval  t 

f i r s t  pulse i s  applied depends on the sign of the e r r o r  and the mobility mode 

a t  the t ime  the e r r o r  exceeds 8 If the mobility a t  this t ime i s  in  the d i r ec -  

t ion to  inc rease  the angular e r r o r ,  the correct ion mobility pulse is applied 

immediately by reversing the mobility fo r  a t ime period, t followed by a 

Data a r e  presented fo r  two control pro-  

Control P rocedures  

i n  B 
When the angular position 

E’ 

i s  applied to  c o r r e c t  this e r r o r .  The t ime at which the 
B 

E’ 

1’ 
s imi l a r  r e v e r s a l ,  t l a te r  for  a t ime period, t2 .  If the mobility at the t ime 

B’ 
when the e r r o r  exceeds 8 is in the direction to  dec rease  the e r r o r ,  the 

cor rec t ion  mobility pulse i s  applied by delaying the normal  mobility r e v e r s a l  

which would otherwise occur by a delay of t 

bility phase i s  likewise delayed an  interval,  . The t ime interval,  t is 

chosen to  reduce the angular position e r r o r  f r o m  8 t o  ze ro  in  the t ime in- 

te rva l ,  t . the  t ime interval ,  t i s  then chosen to  reduce the result ing 

orbi ta l  period e r r o r  t o  zero .  (If period e r r o r  is not measured ,  t is chosen 

E 

The r eve r sa l  of the next mo-  
l ‘  

t2 1’ 

E 

B’ 2’ 

2 
equal t o  t ) These t imes  a r e  given by the formulas: 

1’ 

* I  2~ G/? M t, 
I,,& cc t, A ?e 

9 K ,  M a Y Z  
) t ,  t ,  t 1 

os /<, Q ’’’ 
where 8 i s  the e r r o r  l imit  (or  minimum detectable e r r o r )  E 

A P o  is the period e r r o r  a t  the t ime the e r r o r  f i r s t  exceeds 8 E 
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a 

M 

and the rt s i g n  

where K is  the Newton's gravitational constant and m is the 
mass  of the ear th;  K = 3 .  147 x 10 - 7  sec /m 3 P  

1 
is the orbit semimajor  axis 

is  the mobility 

is to  be chosen ( - )  i f  the initial angular position e r r o r  is nega- 

tive, (t) otherwise. 

These equations are  graphed parametr ical ly  in  figures 2-6 and 2-7 (pages 

2 - 9 ,  2-10). 

vs  e 
indicated by the broken lines. 

degrees  and 0 to  10 seconds, respectively; other ranges may be easily ob- 

tained by scaling by multiples of ten, since the relations a r e  those of d i rec t  

proportionality. 

2 .  2.  5. 1. 2 

position of ze ro  mobility; for example, by maintaining the sai l  parallel  to  the 

Both figures may be read e i ther  counterclockwise (yielding t ,  

and (t  - t ) v s  A P o )  or clockwise (yielding B E  vs  t and AP, vs t -t ) 

and A P o  included a r e  0 to  10 
E 2 1  1 2 1  

The ranges of 8 E 

Neutral  Mode ( N M )  - The satell i te is normally maintained in a 

as 

orbital  plane in the case  of a configuration B satell i te.  

tion e r r o r  reaches the allowed limit 8 

applied f o r  a t ime,  t 

e r r o r .  The t ime duration, 

position e r r o r  is of magnitude 8 

angular position e r r o r  has been assumed to be increasing in magnitude due 

to  an associated period e r r o r ,  Do; i f  this is not the case ,  the initial mobility 

M1 , of duration, t Following the first  mobility impulse, 

pulse, a second mobility pulse of opposite sense  and of magnitude, M2, and 

duration, t 

to  zero at the conclusion of the correct ion.  

When the angular posi- 

a mobility of magnitude, M1, is E '  
in the proper direction to  reduce the angular position 

i s  determined such that at i ts  end the angular 
1 '  

5' 
and i s  decreasing in magnitude. (The 

E 

is not necessary.  ) 
1' 

is applied to  reduce both the position e r r o r  and the period e r r o r  

The equations for  these quantities 
2' 

are:  
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These equations are graphed parametrically i n  figures 2-8 (page 2-11) and 2-50 

through 2-52; figure 2-8 repeats the information of figure 2-51 for  a wider 

range of M 

2 -8  and 2-51, two scales  a r e  presented fo r  different ranges of A P o  and M 

sca les  a r e  to be read together,  scale  1 with scale  1 and scale  2 with scale  2.  

2.  2 .  5. 2 Angular Posit ion E r r o r s  

The figures may be read clockwise o r  counterclockwise. In figures 

the 
2' 

2; 

Significant sources  of angular position e r r o r  (relative to  the nominal angu- 

l a r  position of the satell i te)  a r e  listed in table 2-2, along with the appropriate 

formula.  The e r r o r  sources  a r e  defined i n  the following paragraphs; der iva-  

tions of the formulas  may be found in paragraph 3 - 3 .  

2. 2. 5. 2.  1 Minimum Detectable E r r o r  o r  E r r o r  Limit - This e r r o r  is essen-  

tially the e r r o r  limit, eE, established t o  initiate the mobility correct ion pro-  

cedure.  

the ground tracking equipment, o r  i t  may be s e t  on the basis  of a maximum 

allowable e r r o r  c r i t e r i a  such as  that discussed in paragraph 3.  6. 

l y ,  it  may be calculated on the bas i s  of assumed mobilities i n  accordance with 

the equations of table 2-2. 

graphically in  tigure 2-6, (page 2-9) which should be read  clockwise for  this 

purpose. The equation l is ted for the NM control is graphically presented i n  

figures 2-8 and 2-51 where the value of 18 I should be read in the parametr ic  e 
coordinates of the f i rs t  quadrant. F o r  example, corresponding to the values 

lAPo I = 8 seconds,  lM21 = 120 meters/deg, and h = 7000 nmi, the correspond-  

ing value of (8 I is approximately 6 degrees.  

2 .  2. 5. 2. 2 Pe r iod  E r r o r - I f ,  a t  the t ime the angular position e r r o r  exceeds 

the l imits ,  &e 
increasing in magnitude (this w i l l  normally be the case) ;  then, an  overshoot 

in the angular position e r r o r  wi l l  occur.  

in table 2 - 2  fo r  8 They may be evaluated using the graphs of figures 2-8 

and 2-51 in a manner s imi la r  to that described above to  evaluate le I. The 

It may be established by the minimum e r r o r  detection capability of 

Alternative- 

The equation l isted for  the NNM control is presented 

e 

the period e r r o r  is such that the angular position e r r o r  is 
E' 

This e r r o r  is given by the equations 

1' 

e 
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Figure 2-50 .  t l  V s .  A P o ;  Neutral Mode Control 

2' values of mobility for M or M 

and the result obtained f rom the graph should be divided by 2 in the case  of 

N N M  control. 

2 .  2 .  5. 2 .  3 

change mobility modes, then an additional angular e r r o r  component is con- 

tributed to  the overshoot e r r o r ,  8 

mally quite small. 

should be used ra ther  than the value for M 
1 

Finite Mode Change Time - If a t ime interval,  t is required to  T' 

This component is given by 8 and is nor-  1' 2' 
The equation is graphed parametr ical ly  i n  figure 2-9(p. 2-12) 
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I 

fo r  M range f rom 0 to  1000 m/day and t 
1 T 

range f rom . 1 to  1.0 day. 

1 T 
scaling le I by corresponding factors  of 10 o r  100, respectively. 

may a lso  be used fo r  NNM control by multiplying the value of le I obtained by 2 

Other 

I ranges can easily be obtained by scaling M and t by fac tors  of 10, and 

The char t  2 ' 
1 two. 

2. 2. 5. 2. 4 Command Delay - If the mobility control procedure is delayed an 

interval,  t ( for  example, to wait until the satell i te is within range of a d 
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F m  &6& t, VI, A4; Neutral Mode Control 

command station), another contribution to the overshoot e r r o r  resul ts .  

t e r m  i s  given by 8 of table 2-2 .  

i n  figure 2-10, (page 2-13) which should be read  counterclockwise as shown. 

In general, e wil l  be small in  magnitude. 

2.  2. 5. 2 .  5 

period e r r o r  is provided by the situation in which, using NNM control, the 

increasing and decreasing mode mobilities a r e  unequal. 

This 

The equation fo r  8 3 is plotted parametrically 3 

3 
Unequal Mobilities - An example of an  overshoot e r r o r  due to a 

Specifically, the 
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c a s e  was considered in which the angular position e r r o r  and period e r r o r  

were  zero  at the t ime an increasing mobility mode was initiated. 

assumed that the increasing mobility was too grea t  by an e r r o r ,  M 

the increasing mobility was M t M 

was assumed large enough that the angular position e r r o r  would exceed 8 

in a t ime period smal le r  than t 

wi l l  exist when the angular position e r r o r  exceeds 8 

shoot angular position e r r o r  is given by 8 zz - 
wi l l  be ra ther  small .  Similar resul ts  would be obtained in  the case  of an 

e r ro r  ir? the decrezsing mobility mode. 

2.  2. 5. 2 .  6 

e r r o r  s imi la r  to 8, will occur i f  the neutral mode mobility Mo is nonzero. 

It was 

E 
(i. e . ,  

ME 
' where  M i s  the nominal mobility); 

E 

E 
In these circumstances,  a period e r r o r  

and the resulting over-  

. In general ,  this e r r o r  

B'  

E' 

4 M 'E 
M E  

Nonzero Neutral Mode Mobility - In the case  of NM control, an 

The overshoot e r r o r  in this case  is given by e5 z +  eE, and again 1s usu- 

I ally small .  
I 2 .  2 .  5. 2. 7 Eccentricity - The e r r o r s  discussed previously have all been de- 

rived under the assumption of c i rcu lar  orbits. 

additional e r r o r  due to the orbit 

of this e r r o r  for  a given eccentricity i s  given by 8 of table 2-2 ,  and may be 

6 

F o r  noncircular orbits an  

eccentricity i s  present .  The maximum value 

6 
1 one of the most  significant e r r o r s  considered. 8 is plotted against eccen- 

I t r ic i ty  in figure 2-1 1 (page 2-14). 
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TABLE 2-2 

SIGNIFICANT ANGULAR ERROR SOURCES 

E r r o r  Source 

Minimum detect able 
e r r o r  o r  e r r o r  l imit  

Per iod  e r r o r  

Finite t ime , tT,  required 
fo r  mobility mode change 

Command delay, . td 

i 
Unequal mobilities 

I 

Nonzero neutral-  
mode mobility M 

Eccentricity e : 

F o r  mula 

NNM Control 

67r Mtgt 

K a  
1 

5/2 
loel z 

2 
37r Mt le21-  7 

4K a 512 
1 

NM Control 

2 
25r A P ,  le I: 

2 e 3K13 a7 /2M 

2 
2rr AP, i e l i  = 

3 7/2M 
1 

3K a 
1 

~ T T  A P ,  t d  
2 3  e 3  = -  

K1 a 

M o  
N- 

‘ 5 -  M1 

-1  TT 

6 2 
8 = C O S  ( - e )  -- +e w 2  e radians 

‘::M = lMIl - (MDI, where M is the mobility in  the increasing mode and E I 

M D is the mobility in  the decreasing mode, with M D 
assumed equal t o  M. 
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3. DERIVATIONS AND SUPPORTING MATERIAL 

3. 1 MOBILITY SCALING RELATIONS 

3 .  1. 1 Derivation of Scaling Equations W i t h  Respect to  Altitude And 
Solar  Inclination 

3. 1. 1. 1 Configuration A 

The derivation of the mobility of the lenticular satell i te is difficult because 

of i ts  complex shape. 

suitable for  scaling calculations. 

been to derive a n  expression based upon a greatly simplified model and modify 

i t  so  as to  provide a useful scaling function. 

spherical  section oriented with i ts  plane perpendicular to the orbit  plane and 

to  the orbit  radius as i l lustrated in figure 3-1. 

different emissivi t ies  e and e are  symmetr ical  about a diameter  p e r -  

pendicular to the orbit plane. 

A rigorous solution does not resul t  in  a n  expression 

Therefore ,  the approach adopted he re  has  

The model assumed was a 

The two outside surfaces  of 

IR1 IR2 
The outside absorptivity a, was assumed uni- 

f o r m  over the ent i re  outer surface and the inside emissivity e and absorp-  I Ri 
tivity CY. were assumed constant over the interior surface of the spherical  

section. 

calculated for  orbi t  angles (measured relative to  a plane perpendicular to  the 
ll 311 

orbit  plane and containing the sunline vector) of - and - 2 2 '  
fo rce  used to  obtain an approximation of the mobility. 

1 

The reradiation forces  on this section due t o  d i rec t  so l a r  energy were  

and the resul tant  

The energy radiated internally due to  the incident solar energy can  be  

writ ten for  the assumed model as: 

em, 
ein, 9 c'/R, 
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I 

i 

= internal emissivity 

= external emissivity of one hemisphere 

= external emissivity of other hemisphere 

I Ri where: e 

e 
IR1 

e 
IR, 

L 

R 

C = solar constant 

CY = external absorptivity 

= radius of spherical section 

8 

S 
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The angular quantities a r e  defined in figure 3 - 1 .  

reflected internally can be written as: 

The fraction of the energy 

cy4 K d p  t 4 <  G d Y  
L l Z R  # 1 c i w ,  

?z? 

-* 4 

Equation 3 - 4  reduces to: 

( 3  -4) 

311 
2 

The fo rce  fo r  the orbit angle of - i s  obtained by reversing the subscripts for  

the two sur faces  in equation 3 - 5 .  

difference of these two expressions is: 

The resultant force  obtained by taking the 

. a  

A /= : - - 2 R c>cXs ( E , - t ' z ) ( [ d . ( ;  ' " s c o 4 s  4 . a -  4 ") ( 3 - 6 )  /Z 3 c  P 
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Since the mobility, M, has  been shown to  be given by the expression: 

the mobility i s  proportional to  the te rms:  

Because of the g ross  approximation used fo r  the lenticular shape and because 

the determination of the resultant force  A F  

shadow, equation 3 - 7  must  be  modified to  account for  these fac tors .  

neglected the effect of the ea r th ' s  R 

The approximation resulting f r o m  the shape factor can be improved by the 

i and the reduction of the con-  introduction of the multiplying factor  COS 

stant t e r m  in the brackets  of equation 3 - 7  by a factor of 2 .  

par t ia l  orbit occultation can  be accounted fo r  by the introduction of the t e r m  

cos 

S 

The effect of 

2 J ,  a (a ,  i s ) ,  where J ,  a is the shadow half angle defined by: 

%or  the case  of orbit  occultation, the cor rec ted  scaling factor  is given by: 
1). Jr ' Yz ./r a L- M ( a ,  i s )  cc L C ~ ~ { - ' V ~ [ ? C ~  - f , L ( I >  d5 r L O  ', 4 c b .  .,I 4 ( 3 - 9 )  

F o r  nonoccultation, the co r rec t ed  scaling factor i s  given by: 

( 3 - 1 0 )  
When extrapolating lenticular mobility as a function of altitude o r  sun-line 

inclination, equation 3 - 8  must  be applied f i r s t  to  determine if equation 3 - 9  

o r  3 - 1 0  is  used to  der ive the proportionality constant. 

Figure 3 - 2  i l lust rates  the degree  of agreement  obtained between scaled 

values and computer derived values of mobility. 

mobilities for  various sun-line inclinations at  synchronous altitude were  

used as the scaling points and the mobility extrapolated down to an  altitude 

of 1000 nmi.  

computer derived values of mobility. 

The computer derived 

The heavy d a r k  data points a t  these alt i tudes represent  the 

The agreement  between the extrapolated 

I 3 -4 



Figure 3-2 .  Comparison of Computed and Extrapolated 
Values of Lenticule Mobility 
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curves  and the computer values is good a t  all alt i tudes,  the difference not 

exceeding 10 percent  in any case.  A l l  data points a t  alt i tudes of 1000 and 

2000 nmi a r e  not shown in the figure because of their  c lose  proximity. 

slightly increased divergence between the computer points and the ex t r a -  

polated curves a t  the lower altitudes is due to  the effects of ear th  radiation, 

which was not considered in the derivation of the scaling equations. 

3. 1 .  1. 2 Configuration B 

The 

An expression fo r  the mobility of a planar s a i l  satel l i te  can be derived 

analytically f r o m  a consideration of the so la r  forces  on the sail. 

coordinate sys tem be chosen, a s  shown in figure 3 - 3  such that the XY plane 

coincides with the plane of the orbit  and the sun-line vector  l i es  in  the XZ 

plane. The angle7  , shown positive in  figure 3-3, is the angle between the 

plane of the sail and the orbi t  plane. 

normal  to the plane of the sa i l ,  N s ,  and the sun-line vector  'I: , while the 

angle 0 

The vector N can be writ ten as: 

Let a 

a 
The angle 9 is the angle between the 

a - 
S 

is the orbi t  angle measured  f r o m  the X axis counterclockwise. 
- a 

- s -  - d 

1\1, : i - r: /(.yc16,, - $ &+.K, ~ c a e . .  4 C C ~ Y , ~  (3-11) 

and the vector r as: 
- S - - 

r, : i c+> i, t L ..& 

The angle 4 is thus given by the dot product as: 
. .  a 

c43 d* = A& rc, e, &-I is + L i.3 r', -4.c-n 

(3-12) 

(3-1 3) 

When the sun-line vector  r is in the plane of the sail, the angle between 
S 

i t  and the normal  to  the plane, 6,, will be 90 degrees .  

point (0 < 4 
other  surface of the sail will face the sun in the remaining quadrant of 4 
(90" < 6 < 180"). The angle, a , will be defined a s  the value of 8 a t  which 

this transit ion takes  place.  F r o m  equation 3- 13, a is defined as: 

On one side of this 

C 9 0 " ) ,  one side of the sail will be exposed to  the sun while the a - 
a 

a -  b a 

(3-14) 
b 

- c - d  a, .&-n A', 
- Cr3 5- & 
AliU tL, L-Q3 A s  

-OCb -= 
If the inequality 

p444-$d*l L I (3-15) 
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Figure 3-3. Coordinate System 

holds, no solution exists for  "6, and the same side of the sa i l  will face the 

sun f o r  the complete orbit .  The above inequality can be reduced to the follow- 

ing form: Imf&L -+-GI ? / &-y, LR is\ 
(3-16 

I & /  Z l L t  , 

The inequality of equation 3-16 thus determines whether one or both sides of 

the sa i l  a r e  visible to  the sun during the orbit. - 
Let the normal  to  the plane of the sai l ,  N , be defined positive outward 

Then, i f  the inequality of equation 3-16 holds and 
S 

f r o m  side 1 of the sail. 
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the angle, 8 , i s  l e s s  than 90 degrees ,  side 1 of the sail will face  the sun 

throughout the orbit. F o r  example, i f  the orbit  angle, 8 is taken equal to  

0,  f r o m  equation 3-13, cos  8 = y s in  i 

a 

a' 

a a  6 

If k6,, -& -c; 1 0  (3-17) 

and the inequality of equation 3-16 holds, then s ide 1 will be toward the sun 

for  the entire orbit. is grea te r  than 90 degrees ,  side 2 wil l  be toward 

the sun for the entire orbit. If the condition of equation 3-16 is not satisfied,  

both sides wi l l  face the sun at  some point in the orbit ,  with the transit ion oc- 

curr ing at % and 'TT - (Y To determine within which region of the orbit  side 

1 faces  the sun, the value of the angle 8 can be examined for  8 
a a 

F r o m  equation 3 -  13 if 

If 8 a 

b' 
= 90 degrees .  

.& a, rc, 4 ' )  L;0rd *L i ,  ? u (3-18) 

the angle 8 

the angle: 

will be l e s s  than 90 degrees  and side 1 wi l l  face the sun through a 

d ,  5 o,, 5 ( n - w h )  

and side 2 will face the sun through the remainder of the orbit. If 8 is 
a 

grea te r  than 90 degrees ,  then side 2 wil l  face the sun through the angle: 

g b  5 5 ( n  - d b )  

and side 1 wi l l  face the sun for  the remainder  of the orbit. 

The occultation of the so la r  fo rces  by the ear th ' s  shadow during a portion 

of the orbit introduces another discontinuity. 

which defines the ear th ' s  shadow can be written as: 

The equation for  the ellipse 

where the various quantities a r e  defined in figure 3-4. 

be reduced to: 

This expression can 

= 2 .  2 2 '  R ,  w c  4 )  - cc c/c< 

C ' Z  ( I  - c 4 c a  4 ' ) )  

- -- - 'L Ya = 

and finally: 
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If the condition: 

- & ? I  (3-19) 

is met,  the satell i te is always in the sunlight and the only discontinuity is 

that introduced by the transit ion of the sunlight f rom one surface of the sail to 

the other.  

introduced. 

If condition of (3-19)  is not satisfied, then a second discontinuity is 

€/AIL7 Id 

f 

Figure  3-4. Occultation of Orbit by Ear th ' s  Shadow 
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These discontinuities must  be compensated for  by dividing the integral  over 

the orbit  into severa l  subintegrals with l imits  determined by the points of dis-  

continuity. 

binations and the conditions upon which they depend. 

The flow char t  of figure 3 - 5  i l lust rates  the different possible com- 

I 
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J. c 

1 - 1  I 

8 
I Ir 

Figure 3-5. Flow Chart  
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The component of the perturbing so la r  fo rces  that is of in te res t  is that 

along the velocity vector of the satell i te.  The velocity vector can  be written 

as:  
(3-  20) 

Taking the dot product of 7 and 

the angle p 

, the normal  to  the plane of the sail, gives 
S 

between the two vectors  as: a 

cmp, = - i d f i  -&n 2. c;s, - 4- X& L.0) : - 4A r.,. (3-21) 

- 
The angle 7) , between V and the sunline vector 7 can be obtained likewise as: a S 

cjt, r& = -&-J (, 4-L cr;, (3-22) 

Energy i s  t ransfer red  f rom the incident radiation to  the satell i te by the vector 

change in the momentum of the radiation. The components of the incident and 

reflected direct  so la r  energy along the velocity vector a r e  given by: 

(3-23) 

where S is the so la r  constant, C the speed of light, r the reflectivity of the 

sail surface facing the sun, and A The sai l  

surface is assumed to  be a diffuse reflector ra ther  than a specular reflector 

s o  that the resultant force of the reflected energy is normal  to  the sail s u r -  

face and the component in the direction of the velocity vector is given by the 

multiplying factor cos p . Since the angle, p , i s  measured  with reference 

t o  the vector, N defined positive outward f r o m  side 1 of the sail, the sign 

of the reflected component must  be changed when s ide L is  facing the sun; 

thus the plus o r  minus sign in equation 3-23. 

K S 

is the a r e a  of the sail surface.  
S 

a a - 
S' 

Another force  on the sail to  be considered is the force  due to the radiation 

of IR energy f rom the sail. The reaction force  derived f r o m  energy radiated 

out f rom the surface can  be  shown by the consideration of energy flow through 

an element of solid angle to  be: 

3 -12 
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where E is the total energy flux emitted, and the fo rce  is directed normal  to  

the surface.  

is: 

The total  energy flux emitted outward f r o m  side 1 of the surface 

(3 -25)  

where total reemit tance of a l l  energy absorbed is assumed,  LY is the so l a r  
S 

absorptivity of the sail surface facing the sun, and e and e a r e  the 
IR 1 IR2 

emissivi t ies  of s ides  1 and 2,  respectively,  of the sail. Combining equation 

3 - 2 5  i n  3 -24 ,  considering forces  on both sides of the sail, and taking the tan-  

gential component yields for  the reradiation force: 

( 3 - 2 6 )  

The effect of the above forces  on the satellite can  be considered in t e r m s  

of the perturbation of the semimajor  axis of the orbi t  which occurs;  this effect 

can be der ived f r o m  orbi ta l  energy considerations. 

of the satel l i te  can  be written: 
EK’ The kinetic energy, 

( 3 - 2 7 )  - 
L, .5 + m v 2  

where m i s  the m a s s  of the satell i te and y i ts  orbi ta l  velocity. 

energy, Ep ,  for  a cent ra l  force  field at a distance, a, is given by 

The potential 

where the negative sign indicates the force is inward toward the center  of 

f o r c e  and k i s  the gravity constant. 

i s  given by: 

Therefore,  the total energy pe r  unit mass 

( 3 - 2 9 )  K 
a 
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F o r  a c i rcular  orbit, the energy change pe r  unit mass for  each revolution is 

given by: 

Using the equation for  c i rcu lar  velocity: 

v, =p C L  

and letting h a  = a - a2: 1 

( 3- 30)  

( 3 - 3 1 )  

( 3- 32)  

The energy change pe r  unit mass due to  solar  forces  is equal to  the force p e r  

unit mass  integrated over  a full orbit: 

( 3 - 3 3 )  

Assuming small altitude changes during each revolution such that the forces  

acting on the satell i te do not change appreciably: 

( 3- 34)  

where ( a  

imation f o r  the orbital radius,  the c i rcu lar  velocity is written as: 

t a2) /2  is  an  average radius for  the revolution. Using the approx- 
1 

and 

and 

( 3 - 3 5 )  

( 3- 36)  

( 3 -  37) 
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Written in t e r m s  of the mean angular motion, n, which is given by: - 
equation 3-37 can  be written as: 

(3- 38) 

(3 -  39) 

where S i s  the perturbing acceleration in the tangential direction. 

3 - 3 9  can be written in t e r m s  of the change in a p e r  unit time as: 

Equation 

( 3- 40) 

and in t e r m s  of orbit  angle as: 

Substituting the expressions fo r  the fo rces  given by equations 3-23 and 3-26 

into equation 3-41 yields: 

Expressing this equation as an  integral  over the orbi t  t o  eliminate the secular  

perturbations gives: 

Grouping similar terms:  

( 3- 44) 
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and cr i s  the so la r  absorptivity of the sail sur face  facing the sun. The t e r m ,  
S 

e , is the emissivity of the sur face  facing away f r o m  the sun. The plus 
I R O  

sign should be used i f  s ide 1 of the sail is facing the sun, and the negative 

sign if side 2 is facing the sun. If the integral  of equation 3-43 is evaluated 

using the l imits  indicated in the flow diagram of f igure 3 - 5  where a quantity 

H is defined by: 

then 
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The above expressions a r e  in t e r m s  of Aa, the change in the semimajor  

axis pe r  orbit. 

the semimajor  axis  per  unit t ime,  which will be defined as the mobility. 

mobility is  obtained simply by dividing A a  by the period P 

substitution of the term: 

They can  be given a l so  in t e rms  of M y  the average change in 

The 

. Thus, 27r = . - 
n 

for  H in the above expression gives the mobility, M. 

Scaling fac tors  f o r  the extrapolation of mobility with respect  to  altitude and 

so lar  inclination can be derived f rom the se t  of expressions which were ob- 

tained b y  the evaluation of equation 3-44 for  different limits; the ’:-: l r l l l l t ~  w e r e  

determined f r o m  the various considerations outlined in figure 3 - 5 .  

gives the scaling factors  to  be  used for  given conditions and summar izes  the 

equations necessary  for their  application. Figures 3-6 and 3 - 7  compare the 

resul ts  obtained by extrapolation, using the factors of table 3 - 1 ,  with the mo- 

bility obtained f r o m  the computer program. 

as a function of sun-line inclination, i , for  several  satell i te altitudes. 

Figure 3-7 gives the mobility as a function of satell i te altitude for  severa l  

values of sun-line inclination. 

trapolation a r e  represented by the solid curves,  and selected values f rom the 

computer program a r e  represented by the data points. 

Table 3-1 

Figure 3-6 gives mobility, M, 

S 

In each figure, the mobilities derived by ex- 

The agreement  in  all  

ca ses  is excellent. 

I 
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Figure 3 - 7 .  Extrapolated Mobi 
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3. 1. 2 Variation of Lenticular Mobility a s  a Function of Shape Fac tors  

An approximate expression for  the extrapolation of lenticular mobility with 

respect  to shape factors ,  i. e . ,  lenticule diameter and radius of curvature,  

can be derived f rom a consideration of the forces on the satellite. 

sumed that the force that determines mobility is that component of the r e r a -  

diation force along the velocity vector,  figure 3-8 i l lustrates  that mobility 

can be expressed as: 

If it is a s -  

M -  F A A . . ~ ~  (3-45) 

Integrating this expression over the surface of the lenticule gives: 

M \ - L e 6  

Assuming that 8 can be approximated by: 

The above expression becomes: 

The addition of an empir ical  t e r m  to  account for the effect of sun-line angle 

gives: ( 3- 46) 

Figure 3 -8. Lenticule Geometry 
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Figure 3-9 i l lustrates  the degree of agreement obtained between computer 

derived values of mobility and scaled values, using equation 3-46 .  

ment between the extrapolated values and the computer derived mobilities is 

quite good over the range of available data. 

The ag ree -  
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Figure 3-9 .  Comparison of Computed and Extrapolated Values of 
Lenticular Mobility as a Function of Radius of Curvature 
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3 .  1. 3 R/D Versus Altitude 

The required rat io  of lenticule radius of curvature  R to  diameter  D may 

be derived, provided satell i te coverage requirements a r e  defined. 

paragraph, complete ear th  coverage will be required; that is, the solid angle 

subtended by the ear th  at  the center  of curvature of the lenticule surface must  

l ie  completely within the solid angle subtended by the lenticule. 

tion is i l lustrated in  figure 3-10. 

In this 

This si tua- 

F o r  the angles as defined by this figure: 

Thus, the R/D rat io  required is given finally by: 
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Figure 3 -  10. Required Satellite Coverage Angle 
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3 . 2  DETERMINATION OF MANEUVER TIMES 

Both altitude and relative angular position e r r o r s  of the orbit  controlled 

satel l i tes  can be cor rec ted  by a basic maneuver which consis ts  of placing the 

satel l i te  in  opposite modes of operation (decreasing and increasing orbi ta l  

energy) f o r  specified amounts of t ime.  Assuming that the satel l i te  always has  

a constant amount of mobility available to  it (equal to  the average mobility fo r  

the given altitude and orbi ta l  inclination), a closed fo rm solution has  been ob- 

tained yielding the required amounts of t ime in each mode for  a rb i t r a ry  al t i -  

tude and angular position e r r o r s .  

In order  t o  determine a cor rec t ion  procedure for  a single satel l i te ,  the 

geometry shown above is defined in  the following manner.  

orbi t  of the satell i te has  a semimajo r  axis  of a 

r e c t  the orbit t o  a semimajor  axis  of a 

lar deviation between the des i red  position in  the des i red  orbi t  and thF $c$u+j 

position i n  the actual orbi t  is 8 Thus,  gd can be thought Qf as the w g u l a r  

e r r o r  referenced to the des i red  position. 

major  axis can be changed a t  a constant ra te ,  Aa, then (assuming sma l l  a l t i -  

tude e r r o r s )  the orbital  period can  a l so  be changed at  a constant r a t e  pqual to: 

Assume that the 

and that i t  is des i red  to  c o r -  
0 

Fur the rmore ,  a s s u m e  that the angu- 
d '  

d' 
If i t  is a l so  assumed that the s e m i -  

- 
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L A P  is defined on a per  orbit  basis.  K is  the Newton's gravitational constant, 
PO 

and M i s  the m a s s  of the ear th .  

actual and des i red  orbits is: 

The initial period difference between the 

A Pc = Po - /'J 

and the period P with 
'e, 

Then, the r a t e  of change of both the e r r o r  angle, 

respect  to the number of orbits N f rom the start of the maneuver can be ex- 

where n and n 

s i red  orbit ,  respectively; and the plus or  minus sign is chosen depending on 

whether the satell i te i s  placed in an increasing o r  decreasing energy mode. 

Assume now that the correct ion maneuver wi l l  be made as a two-stage pro-  

c e s s .  That is, the satell i te will initially be placed in  one mode of operation 

and will be changed to  the opposite mode at some precomputed t ime such that 

by remaining in the second mode of operation, the correct ion on both angular 

position and altitude can be completed. Thus, by integrating the two differ-  

ential equations over the range of orbits in each mode of operation, N 

N 2  - N1,  and placing the constraints of - 8 

deviation and period, respectively, the following relationships a r e  obtained 

a r e  the mean angular motions of the actual orbit and the de- 
d 

and 1 
and P 

d d 
on the integrals of angular 
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and where the quantity, A P N 1 ,  represents  the period difference between the 

actual orbit at  t ime, N l ,  and the reference orbit  adjusted to account for  the 

use  of the total N orbits in the integrand ra ther  than the number of orbits in 

the second mode and is: 

AT,, = APo +- 2 N, AiR, 

When integrated, these expressions y ie ld  

l and a solution of these equations for  N and N yields: 2 _- -  1 

* -  UP' f dzFr 2 l3pc ;r pd - d,i -- N ,  = . c 

In the expression for  N the plus o r  minus sign choice resul ts  f rom the 2' 
solution of a quadratic equation for  N This sign can be determined f rom the 2' 
following analysis. 

f o r  N 1, the following inequality results: 

If the rest r ic t ion that N 2 N2 is imposed on the equation 1 

L: r, 
LA PP, 

Id, I -- 

Comparing this res t r ic t ion with the equation for  NZ,  it can  be seen that 

the plus sign must  always precede the radical  since the first t e r m  is exactly 
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equal to the inequality and A P  i s  always positive by definition. Thus, the 
PO 

expressions f o r  N .  and N, become: expressions f o r  N an 1 

Po 

The remaining choices of plus and minus signs a r e  indicative of the s e -  

“ l lonca y u G A L L b  af m d e s  used ir: perfGrr‘ing t h e  lmaTiciiver. The upper sign r e p r e s e n t s  

the case  where the satell i te is placed in an increasing energy mode during the 

initial N orbits and in a decreasing energy mode during the remainder  of the 

total N orbits.  The opposite case  is, of course,  represented by the lower 2 
sign. 

1 

For any a rb i t r a ry  correction, the choice of signs should be made to give a 

solution which is the minimum of a l l  possible solutions. 

be seen that incrementing or decrementing the des i red  angular correct ion by 

multiples of 2 r  does not change the end conditions in that the same  effective 

correct ion is made. 

clude an examination of the above equations not only for  the original Q 

f ied,  but f o r  8 

found. 

In addition, it can 

Thus, a s ea rch  for  an absolute minimum time must  in-  

speci-  
d 

plus o r  minus al l  multiples of 2 n  until a minimum time is 
d 

It is  des i red  that the time, t required to  maneuver a satell i te to a new 
m’ 

relative angular position and/or period be related to  Q 

position), A P  (the change in period),  a (the semimajor  axis),  and M (the 

t ime ra te  of change for  the semimajor  axis), where an average M is assumed. 

can be expressed in  t e r m s  of qd,  APo, 

(the change in angular 
d 

0 

trn F r o m  the equation for  N above, 2 
a, and M. First: 

P K ,  G”z 
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where K = 3.  147 x 10 - 7  sec/met 3/2 . 
1 

3 K,3  a 2  M 
2 n = 

Also: 

Then: r 
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3 .  3 

3 .  3 .  1 

DETERMINATION O F  STATION KEEPING PRECISION 

Introduction and Requirements 

This  paragraph deals  with the definition of maximum relative angular 

posit ion-in-orbit  e r r o r  (called "maximum angular e r r o r "  below) as a function 

of the mobility, the minimum detectable e r r o r ,  and other effects which wil l  

be l isted la te r .  Two control procedures  a r e  cons idered  

0 

Increasing, decreasing,  and neutral  modes.  

In addition to the tracking o r  minimum detectable angular position e r r o r ,  

Increasing and decreasing energy modes only 

and minimum detectable period e r r o r ,  P , a number of other effects help 
2 

govern the maximum angular e r r o r .  In table 3 - 2  below, all of the e r r o r  

effects a r e  l isted for  each of the two control approaches: 

TABLE 3 - 2  

ERROR EFFECTS 

e 
P 

A P  

Neutral  Mode Sail  Angle 

Maneuver Mode Sai l  Angle 

N onnomina 1 Mobility 

Computation E r r o r s  

Finite T ime  fo r  Sai l  Angle Change 

Command Delay Due to  In-sight 
Require rn ent 

Quantized Sail  Angle Commands 

Unequal Mobilities in  Increasing and 
Decreasing Modes 

Orbit  Eccentr ic i ty  

0 

No Neutral  
Mode 

X 

Negligible 

X 

Not App li c ab le 

Negligible 

Negligible 

Negligible 

X 

X 

Negligible 

X 

X 

N eut r a1 
Mode 

X 

Negligible 

X 

X 

Negligible 

Negligible 

Negligible 

X 

X 

Negligible 

None 

X 
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The X's i n  the table indicate i tems  which help govern the maximum angular 

e r r o r  in  a position sustaining phase. 

placement phase. 

The table is not applicable to an init ial  

The magnitude of P would affect the maximum angular e r r o r  in general ,  

but is negligible h e r e  because of the specific mechanizations and logic used. 
e 

A P  i s  the period e r r o r  when the angular e r r o r  f i r s t  exceeds 8 
0 E i n  magni- 

tude; i. e. , A P  = ( t rue period - nominal period).  
0 

Before defining the e r r o r  effects fur ther ,  the two control methods will be 

derived. 

3.  3 .  2 Control Methods 

Whether a neutral  mode is used o r  not, there  a r e  seve ra l  possible mechan- 

izations f o r  the control process .  

chosen: 

mum angular position e r r o r .  

s tep that the mobility is constant over the period of one maneuver.  

sumption w i l l  cause e r r o r s  in command which wi l l  affect the duty cycle to  a 

cer ta in  extent, but has a negligible effect on maximum angular position e r r o r .  

3. 3. 2 .  1 N o  Neutral  Mode Case  

The two which a r e  descr ibed below were  

(1) because they a r e  straightforward and ( 2 )  t o  minimize the maxi-  

In both c a s e s ,  i t  i s  assumed as a simplifying 

This as- 

F o r  this ca se ,  the sail angles o r  orientations of all satel l i tes  in one orbi t  

plane a r e  a l ternated together between two conditions - one which inc reases  

the period and one which dec reases  the period. When one o r  m o r e  satel l i tes  

requi re  a relative spacing o r  period correct ion,  the timing of orientation 

changes for that satel l i te(s)  mus t  be changed in  some appropriate  manner .  

It is assumed in  o rde r  to  simplify the sys tem that initiation of the routine 

control procedure (af ter  initial spacing) is based only on the detection of an  

out-of -limit relative angular position and not on the monitoring of period. 

The procedure is shown in  figure 3-11. 

t o  an orbiting body with low a rea - to -mass  ra t io  reaches  8 
of a fixed duration is applied. 

increasing mode regime,  an opposite mode r e v e r s a l  of the same  duration is 

When the angular position relative 

a mode r e v e r s a l  

Exactly one-half cycle l a t e r  in  the decreasing-  
E' 
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applied. If the limit were exceeded a t  a t ime when the appropriate mode is 

already in existence, then that mode is prolonged by the same t ime period, 

with the opposite mode prolonged equally later.  

In figure 3 -  11, par t  a,  the half-period of the regular  orientat;on changes 

B' is t and the durations of the first and second cor rec t ive  mode r eve r sa l s  

a r e  t and t M I  
l i te of in te res t  has  no appreciable period e r r o r  when 6 = 6,; in  that case ,  

a t ime t 

position 8 to  ze ro  with no net period change, 

a r e a ,  B,  which is  approximately equal t o  the product of t and the difference 

between the regular  period, P1, and the special period, 

semimajor  axis, K the Newton's gravitational constant, m the m a s s  of the 

respectively. It can be first assumed that the satel-  M2 - tB' 

- t can  be chosen which w i l l  r e turn  the relative angular - 
M1 - tM2 B 

Figure 3-11, par t  a shows an 

?3 
With a the p2' 1 

Then 

Since: 

2 i 7 J 3  @ e - -  
&' 

Since the period of an orbit  is given by P = K1 a3/2, changes in the period 

a r e  approximately given by A P  K a 'I2. In this case,  in  the interval,  
2 1  
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Figure  3 - 1 1 .  Control Method for  No Neutral Mode 
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the net altitude change between the two orbi ts  is 2Mt where M is the 
tMl '  M1 
mobility magnitude. Thus: 

YL ?2 -17  * - 3 K , Q  t,, 

G P  IY t,, t,, 
I < ,  a512 QE 2: 

The duty cycle  of the routine control procedure can  be  reduced by moni- 

toring period as well as relative angular position. A net change to  c o r r e c t  a 

# tM2 - t M1 B (see  par t  b of f igure 3 - 1 1 )  period e r r o r ,  A P  can be made if  t 
0' 

Let: 

I 
~ If: 

Since 

Thus: 

(3-47) 
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3. 3. 2. 2 Neutral Mode Case 

In the orbit control method of paragraph 3. 3. 2. 1, the satell i te 's  attitude 

control system i s  required to  maintain either of two orientations o r  orbit  

control modes - period increasing and period decreasing. 

is added, alternative control methods become possible. The one discussed 

below is straightforward and minimizes both the maximum angular e r r o r  and 

(to an extent limited by the constant mobility approximation) the duty cycle of 

the orbit controller.  

If a neutral  mode 

Both angular e r r o r ,  8, and period e r r o r ,  APo,  a r e  inputs. When 8 reaches 

the allowed limit ,  BE, a mobility, M1, is applied f o r  a t ime,  t l ,  until 8 again 

en ters  the 8 zone. See figure 3-12. M is the maximum available mo- 
E l 

bility. The period e r r o r ,  A P  , a t  this t ime is noted. A mobility, oppo- 0 

si te  in sign to M 

and angular e r r o r s  to  zero.  

a. 

sidering f i r s t  the t ime period t 

i s  then applied for  a t ime, t2, to  reduce both the period 
1' 

and 

Con- 
0' 'E' M will be chosen a s  a function of A P  2 

At the end of t ime, t2,  the system is returned to  the neutral  mode. 

1' 

C E  ~ 3 K ,  M ,  C P  

cl t 2 
- . r r e  
7 I < ,  IY, aVZ 

2 P t  = t ,  (3 -48)  
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The average relative w is: 

e l ,  the excursion of 6 beyond 8 is: E' 

Similarly 

2 t l  -- 3 K ,  PI, Q'" 

F r o m  equations 3 - 5 1  and 3 - 5 0  

(3-49) 

(3-50) 

(3-51) 

(3-52) 

3 .  3.  3 E r r o r  Ef fec ts  

It is worthwhile to begin the design of a n  orbit  control system o r  control 

procedure knowing the approximate s izes  of the various angular e r r o r  effects. 

In this paragraph, these effects will be determined a s  functions of altitude, 

mobility, period e r r o r ,  mobility e r r o r s ,  delay t imes ,  and orbit  eccentricity. 

Table 3 - 2  is repeated below, omitting the effects which a r e  negligible and 

assigning symbols to the various components. 
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b 
a 

+ 8 I 1 

Figure 3-12.  a. Time and Angle Definitions 
b. Effect of Finite Scil Angle Change Time 
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I 

N o  Neutral  Neutral  
Mode Mode 

Minimum detectable e r r o r  o r  s e t  limit 

Per iod  e r r o r  when 8 = 

Finite t ime  f o r  sail angle change 
8E 

@2 

Command delay due to in-sight require-  

in  increasing and de- 
creasing modes 

83 

- 

fo r  the two control c a s e s  are:  
'MAX' The total  maximum angular e r r o r s ,  

Neutral mode sail angle e r r o r  

Orbit eccentricity 

eE t [;;\ t e2  t 8 3 t e 6 N o  neut ra l  mode 

- - 

' 6  ' 6  

6 Neutral  mode t 8 2 t 8 3 t  8 

8 is a component caused by a general  period e r r o r ,  A P  . 8 and 8 a re  

components a r i s ing  f r o m  period e r r o r s  due to specific causes .  
1 0 4  5 

For the neutral  mode case ,  8 has already been defined by equation 3-49 as 
1 
2 2 ii- Ae 

3 K,3 a'" M, 
0, = 

The same  equation holds f o r  the no neutral  mode c a s e  (with M 

2M), which is similar in  this respect  because the sign of d8/dt is changed 

during t ime,  t 

replaced by 
1 

M1. 
and 8 will be  defined. 

29 '3, '4' '5' 6 The remaining components 8 
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3 .  3 .  3.  1 Finite Time for  Sail Angle Change 

A f i r s t  o rder  approximation of this effect can be obtained by assuming that 

the time rate  of change of the mobility is constant during the transit ion period, 

t 

neutral mode case.  

This condition is shown in par t  b of figure 3-12, which is drawn for  the 
T '  

Because the sail angle does not undergo a s tep change, 

but a t  t ime, t , where t l / 2 J  X 
d8/dt does not reach zero  at t ime, 

t ,  * t r  
2 

t, = 

1' 
Also, 8 overshoots 8 by an amount 8 in addition to  8 E 2 

From: t = o  to f = t ,  

T' The approximation is made because a is near ly  constant over t 

Since: 
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Y A Po and since: t ,  = - 
3 K , M ,  a” ) 

(3-54) 

F o r  typical values of M and t 8 i s  quite small .  A s  with the expression 

for  8 

with 2 M )  because the sign of d8/dt is changed during t ime, 

3 .  3 .  3 .  2 

1 T’ 2 
the s a m e  equation holds for  the no neutral  mode (with M 

tM1’ 

replaced 
1 ’  1 

Command Delay 

The command to execute a sail angle .change might be delayed f o r  a period, 

t a f te r  8 = 8 One possible reason  could be that maneuvers  a r e  initiated 

only when the satel l i te  is within sight of a single ground control station. 
D’ E’ 

The 

F r o m  equation 3 - 5 3  e 3 ’  delay wi l l  cause  an additional e r r o r ,  

(3-55) 

O 3  is typically a sma l l  fraction of a degree. 
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3 .  3 .  3 .  3 Unequal Mobilities 

The e r r o r  component, e l ,  is dependent on A P  . F o r  the no neutral  mode 

may a r i s e  f r o m  a condition of unequal mobilities in  the increasing 
0 

case ,  A P  

period and decreasing period half cycles,  causing e r r o r ,  
0 

a special  ca se  
e4' 

of e l .  Satellites A and B 

rec t  mobility, M, in both 

3 . 3 .  2. 2 

- 
s . i r  4 

il t I 

wil l  be considered, where satell i te A has the c o r -  

increasing and decreasing modes. As in paragraph 

K ,  a'" 

Satellite B has  co r rec t  mobility, M, in  the decreasing mode, but has  an in- 

creasing mode mobility, M + 
ME' ME, in e r r o r  by the amount, 

.- - 3 F ( IY + M i )  
s./2 

5.4 T I3 k ,  cc 

The angular separation (between satell i tes A and B)  acceleration cy is: 

Time, t , is  defined as the t ime in the increasing mode f rom 8 = 0 to  

8 = 8 

the t ime, t , cy is essentially constant, a n d  

C 

for satell i te By and the following derivation holds i f  t c < t B' Over E 

C 

If A o  is the difference between the angular r a t e s  of satell i tes A and B a t  the 

end of time, t : 
C 
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F r o m  equation 3-53: 

F r o m  paragraph 3. 3 .  3: 

(3-56) 

3 .  3 .  3. 4 Neutral  Mode Sail  Angle E r r o r  

F o r  the neutral  mode case,  A P  at 8 = 8 may a r i se  f r o m  a mobility, 
0' E 

Mo # 0, in the neutral  mode. The mobility e r r o r ,  M w i l l  cause an e r r o r ,  
0' 

a special  case  of 8 Since da/dt = M , 85' 1 '  0 

y2 
'4 P 
d t  i? 

3 K ,  M,. Ci 
- =  

Also: 

The average value of the relative angular rate over t ime, t 

f rom 8 = 0 to  8 = 8 is: 

o r  the t ime 
N' 

E 
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Using equation 3-49: 

(3-57) 

3.  3 .  3 .  5 Eccentricity E r r o r  

For  the analysis of the effects of the various e r r o r s  on a system of satel-  

l i tes ,  a c i rcular  orbit was assumed. 

angular motion and the calculation of angular drift  ra tes  in t e r m s  of altitude 

differences. However, for  an eccentric orbit ,  the angular motion is not con- 

stant with time. Thus, a satell i te in a c i rcu lar  orbit  and a satell i te in  an ec- 

centric orbit, whose semimajor  axis,  a, is equal to the radius of the c i rcu lar  

orbit ,  w i l l  not maintain a constant separation between their  relative angular 

positions; the satellite in the eccentric orbit  wi l l  tend to oscillate about a 

nominal position corresponding to  a c i rcu lar  orbit. 

ments f o r  a sys tem of satell i tes is the maintenance of a constant separation 

of their angular positions, this represents  another e r r o r  source.  

This allows the assumption of a constant 

Since one of the requi re -  

The effect of orbit  eccentricity on the angular motion can be expressed by 

means of the equation 

where t is the t ime f rom perigee,  e is the orbit eccentricity, and E is the 

eccentric anomaly. Considering two satel l i tes  having common orbit  planes 

and equal periods,  one in a c i rcu lar  orbi t  and the other in an elliptical orbit ,  

with their angular positions in orbit ,  8 ,  both zero a t  t 

one in the c i rcu lar  orbit is: 

P 

= 0, the angle for  the P 
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The difference in  their  angular positions in orbit  is: 

where q is the t rue  anomaly for  the satellite i n  an elliptical orbit: 

F o r  smal l  values o r  e, A 8  is la rges t  a t  E ^L- 7r/2: 

(3-58) 

Without a specific orbit, satell i te design, tracking ability, and overal l  con- 

t ro l  procedure,  the various position-in-orbit e r r o r s  can b e  considered only 

approximately. However, i t  is quite probable that the la rges t  e r r o r  will be 

that due to orbit  eccentricity. 

may be seve ra l  degrees .  The second largest  e r r o r  will probably be  the mini- 

mum detectable position e r r o r  (or  se t  limit, as the case  may be),  0 probably 

a fraction of a degree.  BE would be made la rger  only to  lower the control sys -  

which might be chiefly due to  incorrect ly  t em duty cycle. The component, 

detecting period e r r o r ,  could depend on the degree to  which tracking facil i t ies 

a r e  exercised.  If A P  is on the o r d e r  of 1 second at h = 1000 nmi o r  100 

seconds at synchronous altitude, then 8 

The mobility e r r o r  effects (8 

and probably smal l  compared to  the basic  e r r o r  in  measuring period. 

either M o r  M is 10 percent of M, then 0 or  8 is  only approximately 10 

percent  of 8 

This e r r o r  may be a fraction of a degree  o r  it 

E 

1' 

0 

E' i s  approximately as la rge  as 8 

and 8 ) a r e  smal l  as causes  of period e r r o r  4 5 

1 

If 

E 0 4 5 

E' 
could be on the o rde r  of 0. 1 o r  0. 2 

degree,  especially fo r  a subsynchronous orbit where commands a r e  relayed 

only when the satellite is within s ight  of one main station. 

83' 
The e r r o r  due to  command delay, 
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Typical delays in changing sai l  position cause only a very smal l  e r r o r  

( e 2 ) .  
Another quantity of interest  is the length of t ime that the satel l i te ' s  

position-in-orbit e r r o r  exceeds the se t  l imit ,  and the values of this t ime can 

be summarized a s  follows: 

Duration of condition 6 

Neutral Mode N o  Neutral 
E r r o r  Cause Case Mode Case 

8 and A P  

Sail angle turn t ime ( 6  ) 

Command Delay (8 ) 

Unequal Mobilities (e,) 
Neutral Mode Mobility (e,) 
Eccentricity ( 6  ) Depends on relative s izes  

- E  

0 < tM1 

t l  + t T  ' 2 t M 1  

E 

2 

M1 

' t M 1  

r t  + 2 t D  < 2 t  
1 3 

6' of BE and 8 
6 

3.  3.  4 Duty Cycle for  Neutral Mode Case 

There a r e  a number of factors  which could influence the duration of the 

condition -BE < 8 <+8 after a correct ive maneuver: 
E 

a. O E  

b. Altitude 

c .  The position measurement  e r r o r  a t  6 = 

d. The period measurement a t  8 = 

e. The command delay when changing f r o m  M to  M2 

f .  The command delay when changing f rom M to  M = 0 

g. 

h. 

i. Eccentricity 

j .  

1 

2 
An e r r o r  in the mobility M2 

A neutral  mode mobility other than ze ro  

Times to  change sa i l  angle. 

It will be assumed that a sail angle change is initiated only when 8 r i s e s  o r  

fa l l s  to 0 Also, at perigee or  apogee, thus eliminating i tem i a s  a factor .  E 
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i t em j can be  ignored. It has  already been seen that i t em j is usually much 

sma l l e r  than i tems e and f for  practical  cases.  In addition, i tem j could be 

fur ther  reduced by start ing turns  early. Thus, i t ems  a through h wi l l  be con- 

side red. 

and M a r e  defined as the actual period change during time, 
ApA, tZA9 2A 

the actual t ime,  t and the actual mobility, M2. A P  is the period e r r o r  
2A’ 2 1 

t 

at the beginning of t ime,  

e r r o r  a t  the end of the maneuver and is AP 

nominally -AP . APoE is the residual  period 
t2’ 0 

+ A P  1 A’ F r o m  equation 3-50 

- M and t2A - t2. 2A 2 a r e  the e r r o r s  M 
2ET MZE and t 

has  two components: one is a delay tZE in  start ing the final sai l  change 
2ET 

t 

back to neutral; the other is caused by incorrectly measuring the period e r r o r  

ME’  
A P  by an amount P 

1 

Apply equations 3-51 and 3-52: 
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Note that the e r r o r  due to a delay in executing the change f rom M 

essentially avoided by letting 8 

position and period e r r o r s  existing when this change is executed, and t 

resent  the t ime f rom the actual execution ra ther  than the t ime f r o m  8 = B E .  

Thus, item e of the list above is also eliminated. 

t o  M2 is 1 
and A P  E 1 

above represent  the actual angular 

rep-  2 

M2E/M2. Now it is of interest  to find the normalized mobility e r r o r ,  

Assume that 8 is incorrectly measured such that when 8 is apparently 8 

is actually 8 + 8 F r o m  equation 3-51: 

it E’ 

E ME’ 

( 3 - 6 0 )  

A te rm,  F, can be added to  the right-hand side to  cover the difference be-  

tween the computed mobility and the mobility actually set .  

this difference to M 

F is the rat io  of 

2’ 
The time spent in the neutral  mode is: 

where A u  is the difference between the actual and co r rec t  angular velocities. 

F r o m  equation 3-53: 



where M is the e r r o r  mobility in the neutral mode. Since a > >  MotNM: 
0 

The - sign holds i f  the A P  

add. M and 8 a r e  always of opposite sign. A P  at the beginning of the next 

correct ive maneuver is the expression f o r  A P  above. 

and M effects tend t o  cancel;  the + s i g n  i f  they 
oE 0 

0 E 0 
The duty cycle is: 

t, i t ,  

where t and t 1 2 a r e  given in  equations 3-48 and 3-52. 

The following case  will be used as a n  example of the typical duty cycle: 

Satell i te and Control Assumed 
Character is t ics  E r r o r s  

= to. 1 second P~~ 

* ME 

h = 1000 nmi 

= t5 F = 10 percent 0 

3 = +O.  1 degree 

= 2 hours 

M1 = 10 Meters/Day 

A P  = +2 second t2E 
M = 10 meters /day 

1 

0 

F o r  these parameters ,  the following r e su l t s  a r e  obtained, where'N is the ra t io  

of the neut ra l  mode t ime for  a given control period t o  that whole control pe r iod  
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1 

First Second Thi rd  
Control Per iod  Control Pe r iod  Control Pe r iod  

1 I +2 second 1 +O. 794 second 1 +O.  664 second I P I  
1 

M2E/M2 
P -  

+22. 2 percent  +38. 8 percent +44.4 percent  

-0. 589 second -0.451 second -0.442 second 
OL I I I I 102. 5 days 1 82. 5 days I 81.5 days 

t , T M  
1 Y  IVL 

t l  

t 2  
N 

, M2 

2.95 days 1.2 days 1 .0  day 

8. 85 days 22. 3 days 26.6 days 

90 percent 78 percent 75 percent  

167 Met/Day 26. 3 Met/Day 18. 4 Met/Day 
i 

M t + M  t +MotNM 
47. 7 Met/Day 

1 1  2 2  
t + t  + t  1 2 NM 

However, the last row in the table represents  the average mobility used over 

the control period. 

c e r n ,  then this average mobility is m o r e  significant than N. 

plotted over the th ree  control periods below in  figure 3-13. 

If minimizing the eccentr ic i ty  buildup is  the p r ime  con- 

The mobility is 

24.6 Met/Day 21. 1 Met/Day 
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Figure 3-13. Mobility Plotted Over the Three  
Control Periods 
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3 . 4  COMPUTER PROGRAMS 

3 .  4. 1 Lifetime - 18 

The Lifetime 18 program is essent ia l ly  a n  orbital  prediction p rogram and 

was developed originally by the NASA Goddard Space Flight Center.  It has  

the capability of predicting the  variations of the five orbital  elements which 

describe the plane of the orbit  ( semimajor  axis ,  eccentricity,  inclination, 

argument of perigee,  and right ascension) but does not consider the position 

of the satell i te within the plane of the orbit. 

which can  be considered by the program a r e  those due to the second, third,  

and fourth spherical  harmonics of the ea r th ' s  gravitational field, the d i rec t  

s o l a r  f o r c e s  on a uniformly coated specular spherical  satell i te,  the gravita- 

tional forces  of both the sun and moon, and the atmospheric drag  forces .  

Among the perturbing fo rces  

Due to the method of solution used in the program, it is extremely fast 

running fo r  an  orbital  prediction program. 

c a s e  can be run in  approximately 3 minutes of IBM 7094 MODI1 Computer 

t ime. The program uses  a variation-of -parameters- type approach t o  the 

problem, but integrates over a much l a r g e r  s tep  s ize  ( 1  day) than used in  

m o r e  standard orbi ta l  prediction programs.  This is possible because the 

model on which the program is based uses  an  analytic integration of the p e r -  

turbing fo rces  over a complete orbi t  (thus eliminating secular  t e r m s )  to  pro-  

vide expressions for  the r a t e s  of change of the orbital  elements pe r  day. 

th i s  manner, the t ime consuming numerical  integration within a n  orbit  is  

eliminated, and the integration can proceed a t  a much l a r g e r  s tep  s ize .  

Fo r  example, a complete 5-year 

In 

The program has been modified extensively in  severa l  a r e a s  by Westing- 

house Aerospace Division. 

ea r th  shadow angle determination and in  the atmospheric drag  determination. 

The model used for  the ea r th  shadow angle calculation was redesigned t o  

eliminate the sporadic occurrence of e r r o r  conditions in  the original model. 

The original model used f o r  the atmospheric  drag  perturbation ( H a r r i s -  

P r i e s t e r  model), when used, increased  the running t ime of the p rogram by 

The two p r ime  a r e a s  of modification a r e  in  the 
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a factor  of approximately 30.  

numerical integration on the atmospheric drag perturbing fo rces  within a n  

orbit .  Since this running t ime prohibits the study of any la rge  number of 

c a s e s ,  a simplified drag  model based upon the Har r i s -P r i e s t e r  model was 

designed. 

add appreciably t o  the running t ime of the program. 

fications have been made to  the program to calculate other quantities pertinent 

t o  the studies which have been made. 

This was due t o  the necessity of performing a 

This  model is discussed i n  section I V  of reference 4 and does not 

Several  additional modi- 

The program a lso  has  the capability of automatically plotting t ime h is tor ies  

of the orbital  parameters .  This plotting, i n  addition to  the inclusion of the 

various perturbing fo rces  and other program functions, is all made available 

to  the use r  as options which can be specified with the data input to  the pro-  

gram.  

The most extensive use of the program has been in  the a r e a  of s tudies  p e r -  

taining to the manner  in  which the so l a r  p re s su re  perturbing fo rces  affect the 

orbital  eccentr ic i ty  of a high a rea- to-mass  rat io  satell i te.  

the program has  been used to calculate parametrically the maximum eccent r i -  

city reached by an orbit  as  a function of the launch conditions, that is, s emi -  

major  axis ,  eccentricity,  inclination, right ascension, and argument of 

perigee.  

with respect  to  launch semimajor  axis and inclination, while the studies on the 

other pa rame te r s  have been m o r e  restr ic t ive.  

In these studies,  

The most  exhaustive studies have been performed on the variation 

In reference 4, the Lifetime 18 p rogram is described in  detail; block dia-  

g r a m s  and flow cha r t s  a r e  given for  the main program and the pertinent sub- 

routines;  p rogram list ings a r e  shown for  the main program and the various 

subroutines; input and output specifications a r e  given; and a glossary of pro-  

g r a m  variables  is supplied. 
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3 . 4 .  2 Lenticular Force,  Torque, and Temperature  P r o g r a m  

This program computes the forces ,  torques,  and temperatures  on a 

lenticular-shaped satell i te due to radiation. 

the sun and ear th ,  solar  reflections f rom the earth,  and the reradiation of 

The direct  radiation effects of 

the satellite a r e  taken into account. In the force model, emissions and r e -  

flections a r e  completely diffuse, and absorptivity is constant with respect  to 

the angle of incidence. Also, thermal  lag and heat conduction, which a r e  

negligible, were ignored. 

A table of forces  and torques can be generated by the program fo r  various 

satell i te configurations, orientations, and altitudes. This table is used by 

other programs in determining satell i te mobility and in the analysis of vehicle 

attitude control systems.  

The computation model of the satell i te is divided into N elemental surfaces .  
- 

The total force,  dFi, on each element i s  approximated by the force at  the 

center  of each element t imes i ts  a r ea ,  dA.. The total force,  F, on the satel-  

l i te is the vectorial  sum of the a r e a  weighted element forces ,  that is: 

- 
1 

N 

< Z l  

- 
Similarly, the total torque, M, on the satell i te is the vectorial  sum of the 

- 
crossproduct of the a r e a  weighted element forces  and the moment a r m ,  Ri, 

to  the element center: 
N 

The surface character is t ics  of emissivity and absorptivity of each of the 

quadrants a r e  inputs to  the program. Eachquadrant  of the satell i te is di-  

vided into elemental sur faces  in which the forces ,  torques,  and tempera-  

t u re s  a re  considered to  be approximately constant. 

thus far,  a division of four zones and three  elements pe r  zone, that is 12 

elements per  quadrant, was considered satisfactory. The element breakdown 

F o r  all cases  considered 
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was found to  be inadequate for  computing the f o r m  fac tors ,  thus each  element 

is fur ther  subdivided into 16 subelements. The f o r m  fac tors  between ele-  

ments  a r e  computed by a process  of averaging and summing the 16 subele- 

ments .  

that the sum of the fo rm factors  f rom that element is equal to  one. 

The l a rges t  fo rm factor  f rom each element is fur ther  adjusted such 

Three  angles descr ibe  the orientation of the satel l i te  with respec t  t o  the 

ear th  and sun. These angles are: ( 1 )  an orbit angle, Y ;  (2)  a rotation about 

the radial  axis (yaw), TJ ; and ( 3 )  a rotation about the tangential axis  ( rol l ) ,  p .  

The rotation about the radial  axis i s  performed first,  followed by the rotation 

about the tangential axis.  

This p rogram can write a table of forces  and a table of to rques  on auxiliary 

output tapes .  

graph 3 .  4. 4) .  

angle f rom 180 to  360 and for every 5 degrees  of yaw angle f r o m  0 to  360. 

The values in this table a r e  used by the mobility p rogram to de te rmine  the 

fo rces  in any orbit  a t  that  altitude. 

g r a m  is given in  reference 4. 

3. 4. 3 Sail  F o r c e  P r o g r a m  

The force tape is an input t o  the mobility p rogram ( s e e  pa ra -  

The table entr ies  must  be made fo r  every 5 degrees  of orbit  

A m o r e  detailed description of the pro-  

The sa i l  fo rce  program was developed for the purpose of supplying a table 

of so la r  and the rma l  p r e s s u r e  forces  on a plane-sail-only-type satel l i te  t o  

the mobility p rogram ( see  paragraph 3 . 4 .  4).  The perturbing fo rces  con- 

s idered  by this p rogram include those due to both d i rec t  so l a r  and d i rec t  

ear th  radiation, the forces  due to  ea r th  reflected radiation, and those due to 

reradiat ion f r o m  the surface of the sa i l  itself. 

The capability of specifying the surface charac te r i s t ics  of the sail by input 

i s  included. The p rogram then calculates  the aforementioned fo rces  at the 

var ious positions and orientations of the satell i te i n  the re ference  orbi t  r e -  

quired by the mobility program.  

:he sun-line i n  the plane of the orbit. 

increments  on the orbi t  angle f r o m  180 t o  360 degrees  and at 5-degree 

The reference orbit  is defined as having 

Forces  a r e  computed at 5-degree 
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increments  on yaw angle through a full 360-degree rotation. 

the pitch angle of the satell i te is not required since a vertically oriented 

satellite i s  assumed. 

automatically written by the program and can  be  used as d i rec t  input t o  the 

mobility program.  

r e f e r  to par t  I11 of reference 4. 

3 .  4. 4 Mobility P r o g r a m  

A variation of 

A separa te  magnetic tape containing these forces  is 

F o r  a more  detailed description of this,  the reader  should 

The mobility program is essentially an  orbital  prediction program and 

was developed for  the specific purpose of efficiently calculating the orbital  

perturbations due to the solar  and thermal  p re s su re  perturbing forces  on a 

nonuniform satellite. 

the second spherical  harmonic of the ear th ' s  potential field is a l so  incorpor-  

ated into the program. 

The capability of including the perturbations due to 

In order  to  include the so la r  and thermal  p re s su re  perturbations,  a p r e -  

computed table of forces ,  considering all possible positions and orientations 

of the satellite with respect  to  the sun, must  be supplied to  the p rogram by 

means of a separate  magnetic tape. Assuming a vertically oriented satell i te 

(one axis locked on the ear th) ,  the program is designed to  accept the forces  

a s  computed on a satell i te in a reference orbit  having the sun-line in the 

plane of the orbit. 

fo rces  must  be computed for  orbit  angles f r o m  180 to  360  degrees  with r e -  

spect  to the sun-line and fo r  all possible yaw angles at each orbit  angle. 

separate  programs have been developed to  precompute these forces  for  an 

opaque lenticular shape and for  a plane sail shape. 

scribed in  paragraphs 3. 4. 2 and 3. 4. 3, respectively. 

In this reference orbi t  (a t  any desired altitude), the 

Two 

These programs a r e  de- 

The method of solution used by the program is essentially the variation- 

of -parameters  method with some simplifying modifications to  increase  the 

speed of the program. 

s u r e  perturbations by a trapezoidal rule  type of numerical  integration over  

The p rogram integrates  the so la r  and thermal  p r e s -  
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a complete orbi t  (to eliminate secular  t e r m s  i n  the perturbations).  

puted perturbations a r e  then extrapolated over 1 day, and the computation 

proceeds f o r  the next day. 

the p rogram a r e  the semimajor  axis ,  eccentricity,  inclination, right ascen-  

sion of the ascending node, argument  of perigee,  and mean anomaly. The 

The com- 

The orbi ta l  elements t rea ted  in this manner  by 

, perturbat ions due to  the second spherical  harmonic of the ea r th ' s  gravitational 
1 

field a r e  calculated directly for  each day and added to  the so l a r  and the rma l  

p r e s s u r e  forces .  

In addition to the calculation of the time var ia t ion of orbi ta l  e lements  for  

an actual  satel l i te ,  the program has  the optional capability of manufacturing 

and varying ar t i f ic ia l  orbital  conditions such that the variation of the so l a r  

and the rma l  p r e s s u r e  perturbations (and, in  par t icular ,  the mobility) can be 

studied over  the full range of orbi ta l  conditions. Under this option, the p ro -  

g r a m  will vary the sun-line inclination to the orbi ta l  plane, is, and the angle, 

U , between the projection of the sun-line into the orbi ta l  plane and the pe r i -  

gee vector ,  can be var ied through the i r  fu l l  range of possible values in  incre-  

ments  specified by input to  the program.  

under this option so that the instantaneous satel l i te  perturbations a r e  r e -  

corded a s  a function of the orbital  conditions. 

~ 

I 

~ 

S 

Per turba t ions  a r e  not accumulated 

This  p rogram has been used extensively to  study the mobility capabili t ies 

of var ious spherical ,  lenticular,  and sail-shaped satell i tes.  It has  a l s o  been 

used a s  a check in determining the maximum eccentricity of the lenticular 

and sai l -shaped satel l i tes  a s  compared to the spherical  satell i te.  

respec t ,  i t  has proved to  be very  accurate.  

mobility p rogram and the Lifetime 18 program, descr ibed i n  paragraph  3 . 4 .  1, 

show agreement  with 3 percent  for  a period of 2 years .  For m o r e  detailed 

descr ipt ions of the mobility program,  the reader  should r e fe r  to  pa r t  IV  of 

re ference  4. 

In this 

A comparison of resu l t s  of the 
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3 .  4. 5 Maneuver Time Program 

The maneuver t ime program was developed in order  to calculate the t imes  

required f o r  a satell i te to co r rec t  e r r o r s  in both altitude and relative angular 

position of the satellite. 

the duration of the maneuver. 

be accomplished by a two-stage process ,  that is, the satell i te wi l l  initially be 

placed into either a decreasing o r  increasing energy mode and at  some la te r  

predetermined t ime wi l l  be changed to the opposite mode. 

both the altitude and relative angular position e r r o r  can be simultaneously r e -  

duced to zero. 

A constant mobility is assumed for  the satell i te over 

It i s  fur ther  assumed that the correct ion wi l l  

In this manner,  

The program determines these maneuver t imes  for  the optimum correct ion 

maneuver. It can be seen that incrementing or decrementing the relative an- 

gular position correction by multiples of 360 degrees  does not change the end 

conditions in that the same effective correct ion i s  made. In the course  of 

computing the maneuver t imes,  the multiple of 360 degrees  which produces 

the optimum (smallest  total t ime)  maneuver i s  a l so  determined. 

al check is made to determine the optimum maneuver with respect  to the 

initial state of the satellite, that is, either increasing o r  decreasing energy 

mode. The program outputs the optimum correct ion procedures in addition 

to  the time at which the energy mode change is required and the t ime a t  which 

the e r r o r s  a r e  reduced to zero. F o r  additional details on the program and 

computational procedure, the reader  should r e f e r  to  pa r t  V of reference 4. 

3 . 5  S K I N  TEMPERATURE, MOBILITY TRADEOFF 

3 .  5. 1 

An addition- 

Opaque Lens (Configuration A )  

In order t o  determine a set  of surface coatings for  the opaque lens which 

would produce both feasible skin tempera tures  and a sufficient amount of 

mobility, a study has been made to  determine the t rends of both these quanti- 

t i es  a s  functions of the coating pattern.  
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A s  a common start ing point for  the study, the coating configuration used in  

the Phase  I1 study (reference 3 )  was examined. 

lite weighing approximately 1200 pounds is known to be capable of producing 

about 125 degrees  per  month of mobility. 

that mobility does not vary significantly as  a function of the internal emis-  

sivity, an initial study was made to determine the optimum internal emis-  

sivity with respect  to  the skin temperatures  on the lenticule. 

This configuration for  a sa te l -  

Since previous studies have shown 

The resu l t s  of this study a r e  shown in  figure 3 - 1 4 .  The tempera tures  

were  calculated by means of a digital computer program based on a method 

described in Appendix C of the Phase  I1 final report  ( reference 3 ) .  In these 

initial investigations, the effects of ear th  rzdiatier? OE the citel l i te  are 

neglected. 

lenticule a r e  given for  the various configurations studied. 

temperature  surfaces  a r e  divided by planes intersecting the lenticular s u r -  

face at  equal distances f rom the plane of the rim. 

The skin temperatures  at various positions on the surface of the 

The constant 

A s  expected, the maximum temperature point occurs  in the quadrant facing 

the sun with the lowest external emissivity. 

that quadrant is low, the maximum temperature is seen to occur in the top 

segment of this quadrant while when the internal emissivity is high, the max- 

imum tempera ture  i s  seen to occur in the rim segment. 

When the internal emissivity of 

In general ,  it  can be seen that the higher emissivity configurations d is -  

tr ibute the energy more  uniformly over the surface of the satell i te,  thus pro-  

ducing a more  uniform temperature  distribution. The resul ts  of this particu- 

l a r  study indicate that a uniform internal emissivity of a s  high as possible a 

value wi l l  produce the most uniform temperature distribution and thus the 

lowest maximum temperature .  F o r  this reason, a uniform internal emis-  

sivity of 0 .  9 (highest practical  internal emissivity which can be achieved by 

Goodyear) has  been chosen. 
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Figure 3 - 14. Internal Emissivity Study 

3 -60 



In order  to estimate the relative mobility associated with various configu- 

rations,  a procedure used in estimating the relative mobility,of a spherical  

satell i te has been used. 

the surface,  the mobility will be produced by a difference in  the reradiation 

forces  over the orbit. In the case  of the spherical satell i te,  the difference 

in the tangential component of the reradiation forces  when the axis of sym-  

met ry  is aligned in opposite directions along the sun line has  been found to  be 

a very good indication of the relative mobility capabilities of various coating 

configurations. Since the lenticular shape under consideration is not too far 

removed from a sphere,  i t  was believed, and in fact, has subsequently been 

shown, that the same quantity would be a good indication of the relative 

mobility capabilities of the lenticular configuration. 

Since the absorptivity is assumed to  be uniform over 

It can be shown that the reradiation force on a sphere when the axis of 

symmetry of the satell i te is aligned with the sun line vector is: 

where 6 s  is the product of the internal absorptivity and the radiation incident 

on the internal surface and can be determined by: 

6 ,  .4 6; 

where E 

away f r o m  the sun, respectively; a i s  the so la r  absorptivity of the external 

is the solar  radia- surface;  

tion density (440 Btu/hr ft  ); 

speed of light. 

and E 1 2 
a r e  the external emissivit ies of the s ides  facing toward and 

S 

is  the internal emissivity of the surface; C S 
2 'i 

R is the radius of the sphere;  and C is the 

The mobility of the satellite is then assumed to be directly proportional to  

the net difference in the reradiation force evaluated for  opposite sides facing 
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the sun. 

studied in Phase  I1 a s  a base,  the mobility of the various configurations has  

been estimated. 

Using the 125-degrees-per-month mobility of the configuration 

The distribution of skin temperatures  for  some of the configurations 

studied a r e  shown in f igures  3 -  15 through 3-  18. 

of ear th  radiation a r e  neglected. In general ,  i t  can be shown that the ear th  

radiation wi l l  add approximately 20 degrees  to both the maximum and mini- 

mum temperatures.  

In these figures,  the effects 

The configuration of figure 3-15 is that which was used in the Phase  I1 

final report. 

to 0. 8 and is  seen not t o  affect the temperatures  significantly. 

3-17 the lower emissivity is lowered to  0. 1 and is seen to increase  the 

temperatures significantly. In figure 3- 18, the effects of reducing the 

absorptivity a r e  shown to reduce the temperatures  since l e s s  energy is 

absorbed by the satellite. 

shows the estimated mobilities for  each of these configurations. 

Figure 3-16 shows the effects of lowering the high emissivity 

In figure 

Table 3-3 summar izes  these resul ts  and a l so  

At this point of the study, additional inputs were obtained f rom the Good- 

year Aerospace Corporation with regard  to  the propert ies  of the sur face  

materials.  

be 250°F, and an external emissivity of 0. 8 was specified a s  the highest 

value achievable. 

The maximum allowable surface temperature  was specified to  

Since none of the configurations fit the design c r i t e r i a  very closely, a 

new search w a s  initiated to find the bes t  combination of surface coatings. 

The previous studies indicated two directions for  the sea rch  to take. 

f i r s t  was t o  maintain an external emissivity pat tern of 0. 8 and 0. 2 while 

lowering the absorptivity until the tempera ture  remained within the 250- 

degree limit. 

emissivity pat tern of 0. 8 and 0. 1. 

The 

The second was to  follow the same  procedure using an external 
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Figure  3 - 1 5 .  Skin Temperatures;  0. 2 and 0. 9 Emissivity 
and 0. 6 Absorptivity 
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Figure 3 - 1 6 .  Skin Temperatures; 0. 2 and 0. 8 Emissivity 
and 0. 6 Absorptivity 



SKIN TEMPERATURES IN O F  
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Figure 3 - 1 7 .  Skin Temperatures; 0. 1 and 0. 8 Emissivity 
and 0. 6 Absorptivity 
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Figure 3 - 1 8 .  Skin Tempera tures ;  0. 2 and 0. 9 Emissivity 
and 0. 4 Absorptivity 
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TABLE 3 - 3  

TEMPERATURE, MOBILITY SUMMARY CHART 

€ 1  

0 .  9 

0 .  8 

0 .  8 

0 .  9 

min  Mobility 
T T 

€ 2  CY ' max 
(OF) ( O F )  (de g /m onth) 

0. 2 0 .  6 257 -67 125 

0 .  2 0.  6 262 -55  119 

0 .  1 0. 6 322 -21 1 7 3  

0 .  2 0 .  4 188 - 105 83 

The final skin tempera tures  of these two searches  are  shown in  f igures  

3 - 1 9  and 3 - 2 0 .  

emissivity pat tern w a s  99 degrees  pe r  month while the other pattern produced 

101 degrees  per  month. Thus, s ince the 0. 8 ,  0. 1 external emissivity pattern 

produced both slightly lower tempera tures  and slightly higher mobili t ies,  it 

was selected as the pattern to  be used fo r  study i n  the cu r ren t  report .  

The estimated mobility associated with the 0. 8 ,  0. 2 external 
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Figure 3-19.  Skin Temperatures; 0. 8 and 0. 2 Emissivity 
and 0. 5 Absorptivity 
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Figure 3-20 .  Skin Temperatures; 0. 8 and 0. 1 Emissivity 
and 0. 35  Absorptivity 
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3. 5. 2 Sail Material  (Configuration B)  

In selecting a coating pattern for  the sai l  mater ia l ,  the problem is similar 

to  that encountered in selecting a pat tern for  the opaque lens.  The pat tern 

selected should both maintain a feasible temperature  and produce as much 

mobility as possible. 

In order t o  calculate the sai l  temperature ,  the balance of energy equation, 

which equates the energy absorbed by the sai l  to  the energy emitted by the 

sai l ,  can be written at  the point where the plane of the sa i l  is normal  to  the 

sun l ine vector as: 
4 

1 . i ;  c, = 4, t E , . ) T  

where: 

Q. - solar  absorptivity of side facing the sun 
1 

- emissivit ies of the two sides 
E f 2  

2 - solar  radiation density (440 Btu/hr f t  ) 
S 

C 

2 4 
U - Stefan-Boltzmann constant ( 1 . 7 3  x Btu/hr ft deg ) 

T - surface temperature  

Since the c r i t e r i a  a s  specified by Goodyear is that the surface tempera-  

t u re  cannot exceed 250" Fahrenheit, it is sufficient to examine the point of 

maximum temperature.  

higher absorptivity is facing the sun under the normal  condition described 

above. Thus, the maximum temperature  can be expressed as: 

This is seen to  occur when the side having the 

*#h c5 
+, + 6, ) 

F r o m  the analysis of Appendix VI of the Phase  I V  final report  ( reference 

1 )  the mobility is seen to  be directly proportional to  the quantity 

Ly2 t, I -  .Y, (52 

3 -70 



F o r  the coating configuration originally selected on the bas i s  of the maxi- 

mum mobility within the range of values of coating p a r a m e t e r s  specified by 

Goodyear (Appendix I V ) ,  a maximum tempera ture  of 271 "Fahrenhei t  was  

calculated. Since the l a t e r  upper l imit  of 0. 8 on the external  emissivity is 

seen  to both lower the tempera ture  and increase  the mobility, this was the 

next configuration considered. F o r  this configuration, a t empera tu re  of 

250"  was calculated. 

i t  mus t  be remembered  that the effects of ear th  radiation have not yet been 

considered. Although in normal  operation the effects of ea r th  radiation wi l l  

be very  sma l l  since the sa i l  is aligned parallel  t o  the ear th ' s  axis ,  a margin  

of safety of about 2 0 "  was sought to  cope with any l a rge  attitude control e r r o r s  

which might be encountered in the detumbling phase. 

Even though this temperature  is within the safe  l imits ,  

As can be seen, there  were  two remaining possibil i t ies for  obtaining a 

fur ther  reduction in the maximum temperature .  

tivity could be lowered o r  the lower emissivity could be raised.  

of these two cour ses  of action, along with the previous cases ,  a r e  shown in  

table 3-4. 

t r a r i l y  se t  to  one, and the other  mobilities a r e  calculated relative to  that 

ca se .  F o r  a l l  ca ses ,  an absorptivity of 0. 1 was used f o r  side 1. 

E i ther  the higher absorp-  

The effects 

In this  table, the mobility of the original configuration is a rb i -  

I 

TABLE 3-4  

SUMMARY CHART OF TEMPERATURE, MOBILITY STUDY 
I 

Relative Mobility Maximum Tempera ture  ( OF) 
1 € 2  E 2 CY 

0. 9 0. 7 0. 1 1.000 27 1 

0.  9 0. 8 0. 1 1.018 250 

0. 9 0.  8 0. 2 0.904 232 

0.  8 0.  8 0. 1 0.904 230 
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Since there  is little to choose between the last two cases  with regards  to 

either skin temperature  o r  mobility, the configuration of the third case  was 

chosen on a somewhat a rb i t ra ry  basis  a s  the configuration to be used in the 

final study of the sa i l  mobility. 
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3 . 6  SATELLITE COVERAGE 

3. 6 .  1 Derivation 

An infinite var ie ty  of satell i te position arrangements  can be  conceived to  

provide world-wide communications coverage. Any analysis of the number 

of satell i tes required for  full ear th  coverage must ,  of necessity, be limited 

to  specific configurations. F o r  the following discussion then, it is assumed 

that there  a r e  three  orbit  paths equally spaced about the equator, each having 

the same inclination. Each of these orbit paths contain N equally spaced 

satell i tes,  a l l  having the same semimajor axes (altitude). It is desired to  

find the smal les t  number of satell i tes which wi l l  provide 100-percent ear th  

c n ~ e r a g e  ccmtinuously. 

every a r e a  on ear th  is in view of a t  least  one satell i te.  

Complete coverage is defined such that, at all times: 

It is evident that th ree  orbit paths having ze ro  inclination could not cover 

the poles. It is a l so  apparent that polar orbits a r e  not desirable,  since with 

polar orbits all  uncovered, o r  open, a reas  a r e  concentrated at low latitudes. 

Since l i t t le communication is desired in  the polar regions, a l l  possible open 

a r e a s  should be concentrated in these least  populated polar a reas .  Fo r  this 

reason, the inclinations wi l l  generally be l imited to  the 30- t o  60-degree 

values. 

If it is assumed that one orbit path exists, and that this path contains an 

infinite number of satell i tes at  a specific altitude, the ear th  would be com- 

pletely covered by a band the width of which would be: 

6 = 2 m-’ ( f ih )  where r and h a r e  the earth’s radius and 

altitude, respectively. 

path, located at N (90 - i )  degrees,  

9 0  degrees  E of the ascending node, where i is the inclination. 

of the open a r e a s  would be (90 - 0 )  degrees. 

ascending nodes of which a r e  spaced 120 degrees  apar t  about the equator, 

a r e  used, complete coverage will be obtained as long a s  these open a r e a s  

The only open portions exist  at  the poles of the orbit  

90  degrees W,  and S(90 - i) degrees,  

The radius 

Now, if th ree  such bands, the 
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do not all  overlap. 

be equally spaced around the ear th 's  poles; so  long a s  the boundaries of the 

open a r e a s  do not include the poles, complete coverage is obtained. 

F o r  inclinations l e s s  than 45 degrees ,  these a r e a s  will 

Reduction of the number of satell i tes p e r  orbit ( N )  to  a finite number puts 

scallops in the' open a r e a  l imit  c i rc le ;  the c i rc le  required to c i rcumscr ibe  

the open areas  now becomes the open a r e a  limit, since orbit  t ime phasing 

can  allow the scallops to  coincide with each other, causing blackout. The 

limiting increase in the open-area radius is 

17 = 9 C ' -  ( c j h 4 ] -  ( C f C ' - f ? )  z - ( C i o - ; - G )  

A spherical triangle can be drawn to descr ibe this limit. 

Ci rc les  A and B a r e  fields of view of 
F two adjacent satell i tes.  Line E is 

the open a r e a  l imit  for  N =  0s F is 
the allowable open a r e a  limit for  a 
finite N. 

6 

(I c C f 0 - 1  = G -  I./LI-(CIL,-I)-(Yc,-~))7 

L 5 3 ~ 1  +a .I 9 
F r om s phe ric a1 trigonometry: 

(3-61) 

F r o m  this, N can be determined. 

not be an integer, and the neares t  higher integer ,  N ,  must  be used. 

F o r  a randomly chosen altitude, No will 

The allowable variation in angular spacing of the satell i te will then be: 

( 3 - 6 2 )  

Note that the altitude can be adjusted such that No = N ,  s o  that no allow- 

able e r r o r  exists. If, then, the next higher value of N is used, the fai lure  
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of one satel l i te  i n  each orbit  can  be compensated by respacing the remain-  

ing sa te l l i t es .  

It should be noted that i f  the relative positions (or  phasing) of satel l i tes  in  

different orbit  paths a r e  synchronized, complete coverage could be obtained 

for  fewer satel l i tes  pe r  orbit ,  and/or lower alt i tudes.  

nized orbi ts ,  outage would occur only when phasing caused th ree  scallops t o  

coincide. 

required fur ther  reduction in N and h could be affected; o r ,  i f  small outage 

a r e a s  can be allowed for  specific t imes ,  improvement could be made. 

out specific allowances, the above procedure i s  a s imple method fo r  de t e r -  

mining the requirements  for full coverage, 

Even with unsynchro- 

Fur the r ,  i f  communications to  the ear th ' s  polar  region were  not 

With- 

Visualization of this problem i s  greatly simplified by  the use  of a 12- to  

15-in. sphere  upon which the open-area  circles  can be  drawn. A 14-in. ball ,  

sand blasted to  provide a surface which would accept pencil markings,  yet 

would be e rasable ,  was used in conjunction with a pro t rac tor  mounted on 

th ree  legs to  provide the var ious required pat terns .  

is great ly  super ior  t o  any method employing the var ious map projections. 

Substituting a = 90-i  and c = cos 

yields: 

Use of such an  analog 

-1 r / ( r t h )  and solving equation 3-61 fo r  No 

I b C "  ( 3 - 6 3 )  

Since r ,  h, and i a r e  a l l  independent parameters ,  var ious curves  a r e  

easily obtained f r o m  this equation. 

the s a m e  manner  f o r  an increased number of orbit  planes. 

inclinations exceeding 45 degrees ,  the same so r t  of answers  would be ap-  

plicable except that the open a r e a s  would tend to  appear  about the equator 

r a the r  than about the poles; 

Similar equations can be developed in 

Note that for  

lower inclinations a r e  thus desirable .  
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3 .  6. 2 Sample P rob lem 

Altitude 4000 nmi. 

Inclination 40 degrees .  

Three  orbit  paths. 

Find the required number of sat /orb ( N )  and the a 

Assume N = 00 

lowa le e r r o r  i. 

One orbit  path would cover a band 124. 8 degrees  wide around the world, 

leaving an open portion a t  each pole, of radius 

The poles will be located -90  degrees  longitude, (90-40 degrees)  = 50 degrees  

N latitude; and 90 degrees  longitude, - ( 9 0  - 40) = 50 degrees  S latitude f rom 

the ascending node. Locate these on the globe. This ,  fo r  a 13.  85-in. globe 

would require  a radius of 

Pu t  these on the globe with the compass.  The coverage will be complete,  

t 3+0+ 

with N = a. The minimum required N 

will occur  when open a r e a  l imi t s  c r o s s  

the N and S poles exactly; since,  at 

that point, an  open can occur. The 

angle required is: 

90-50 - 2 7 . 6  = I Z . 4 "  

A spherical  t r iangle  can  b e  drawn: 

. 
b 
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Use N = 5  since a n  integer is required.  

Note that a slight increase  in altitude would allow the use of only four 

- 36 degrees instead of 43. 5 degrees  p re -  sat/orb.  With five S / O ,  - - 
viously determined. An e r r o r  of ~ 6 .  75 degrees would still permit c o m -  

piete coverage. 

360 
2N 

It should be noted that an e r r o r  in position much grea te r  than 6 .  75 degrees 

can be allowed in one satell i te if no e r r o r  exists in other orbits.  

considerable e r r o r  in a l l  orbits,  opens will appear only occasionally because 

of intraorbit  phasing. However, since small  differelices in orbit periods 

wi l l  allow slow phase shifts between orbits, opens w i l l  eventually occur i f  

these units a r e  exceeded. 

Even with 

A part icular  altitude exists for  each given inclination for  which there  

could exist no allowable e r r o r .  

be decreased until 360/2N = 6 i s  36 degrees 

F o r  the sample shown, the altitude need only 

- k. 7 ,  5- 7 3 Y 4 d  I V J V  
r + h  ) 

A t  this  altitude, only five S/O a r e  needed, with no allowable e r r o r ;  o r  s ix  

S/O could be  used, with maximum allowable e r r o r .  If s ix  S/O were used, 

and a fa i lure  occurred, the remaining units could be repositioned to provide 

full  coverage. Even with one satellite completely out of position (or  
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inoperable), opens would be of shor t  duration, and would ra re ly  occur.  So 

many combinations of e r r o r s  can occur that to tabulate each possibility would 

be tedious. The method used above, ( s o  long a s  the inclinations a r e  co r rec t ,  

the semimajor axes a r e  equal, and the ellipticites a r e  < 10 percent),  will be 

cer ta in  to provide complete coverage. 

made i f  careful specifications a r e  made a s  to  the coverage allowed. 

instance, if coverage of the north and south polar a r e a s  i s  not required 

above a particular latitude o r  i f  outage a r e a s  of specific s ize  a r e  allowed for 

specific lengths of t ime, the number of satell i tes per  orbit can be reduced 

considerably. 

I 

Fur ther  refinement can be readily 

F o i  

The concept of determining open a r e a s  and their  l imits is, af ter  a little 

practice,  much s impler  to  visualize than that of attempting to determine 

the positive coverage of a large number of satell i tes.  The use of a sphere  

with bounded a reas  drawn on its surface is by f a r  the best  analog available 

for. visualization of the coverage problem. 

3 .  6. 3 Synchronized Orbits 

Thus f a r ,  no synchronization between orbits has been considered. How- 

ever ,  since al l  satell i tes in  a l l  orbit  planes will have the same semimajor  

axes,  and since the orbit  position control sys tem is capable of controlling 

each satellite position accurately,  the phase synchronization between the 

satellites of one orbit  plane, and those of other orbit  planes is quite feasible. 

Open-area radii have thus f a r  been se t  such that no combination of in t ra -  

If the three  orbits a r e  phased such that orbit  phasing can produce blackout. 

equivalent satell i tes in each pass  over the equator with angular separhtions 

of 360/3N, the maximum points of the open a r e a s  will never meet,  s o  that 

increased coverage can be obtained. 

upon N, i, and h. 

The amount of gain obtainable depends 

As an example, for  i = 45, and N = 4, 
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h : ?I Li Y O  & A I  minimum required altitude 

3 6 0  
3N 

Now, if  b = - = 30 degrees  and c is 60 degrees:  

This indicates a reduction of 60  - 55 = 5 degrees in the radius of the open 

a r e a  c i rc les ,  for synchronized orbits.  
1 360 3 6 0  

f - (- - -)  = k 3 .  75 degrees  which could be allowed any satell i te in any 4 2N 3N 
orbit ,  in any combination, without blackout. 

This would allow a safety factor of 

3 . 7  DERIVATION O F  AVERAGE AREA-TO-MASS RATIO FOR MAXIMUM 
ECCENTRICITY 

In order  that the maximum eccentricity data shown in paragraph 2. I .  4. 1 

, may be related to  the configuration A and B satell i tes,  equivalent spheres  

have been derived for  the two configurations. 

data a r e ,  of course,  generated by means of the Lifetime 18 program. This 

The maximum eccentricity 

1 

, requires  that an equivalent uniformly coated specular  sphere be derived for  

1 each of the configurations. 

A s  an aid in the derivation and a s  a means of checking the resul ts ,  the 

mobility program (which considers both the continuously varying projected 

a r e a  of the satell i te and the nonuniform coating) has  been run on severa l  

selected c a s e s  fo r  each of the configurations. 

of the mobility program f o r  this purpose in comparison with the Lifetime 18 

program,  a force tape was generated using the charac te r i s t ics  of the Echo I 

satell i te and considering the direct  so la r  energy input only. 

In o rde r  to  show the accuracy 

This is, of 
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course,  exactly the configuration considered by the Lifetime 18 program. 

The results of this tes t  a r e  shown in f igure 3-21. This figure shows the t ime 

variation of eccentricity a s  calculated by the two programs for a par t icular  

orbit. As can be seen, the resul ts  compare almost exactly during the f i r s t  

year  and at the end of the second year  differ by only approximately 3 percent.  

Based upon this comparison, it is assumed that the mobility program can be 

used to check the resul ts  of the equivalent sphere derivations. 

Also shown in figure 3-21 a r e  the resul ts  of a mobility program run on 

the same satellite, but assuming a diffuse surface coating instead of specu- 

la r .  As can be seen, this causes  a significantly higher level of eccentricity 

to  be reached. 

so la r  pressure  force on a uniform diffuse sphere follows the relationship: 

The difference can be explained by the fact  that the total 

where r is the reflectivity of the surface.  

the reflected components of force  cancel and the force  is simply proportional 

to  the incident energy. 

ca ses  shown in figure 3-21, the factor of 1 . 4  between the diffuse and spheri-  

ca l  results is thus explained. This phenomenom is used in the derivations 

shown below. 

In the case  of a specular sphere,  

Since a surface reflectivity of 0. 9 was used in  the 
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3. 7 .  1 Configuration A Opaque Lenticule Equivalent Sphere 

It i s  shown that, in general, the so la r  p re s su re  perturbation on a satell i te 

is directly proportional to  the projected a r e a  of the satell i te to  the sun and 

inversely proportional to 

to  deriving an equivalent 

a r e a  of the satellite over 

conditions . 

the satell i te mass .  Therefore ,  the approach taken 

sphere has  been to calculate an average projected 

all  orbital  

Consider the orbital geometry shown 

If the sun-line is in the in figure 3 - 2 2 .  

plane of the orbit ( i  = 0),  then the pro-  

jected a rea  of the satellite to  the sun a t  

an orbit angle of Y equal to  0 and 90de-  

g rees  is: 

S 

€SS72& V9- b G  
Figure 3 - 2 2 .  Orbital Geometry 

where R is  the radius of curvature  of the lenticule and D is the diameter .  

Assuming that the a r e a  var ies  sinusoidally between these two points, that is: 

then the average projected a r e a  of the satell i te over the orbit for  i 

ze ro  is simply the average of the projected a r e a s  at  these two points. 

Furthermore,  it can be seen that when the sun-line is perpendicular to  the 

orbital plane, the projected a r e a  over the orbit  is constant and equal to the 

previously defined a r e a  at the point Y equal to  90 degrees .  

equal to  
S 

Thus: 
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Again, assuming a sinusoidal variation as a function of i , the average 
S 

projected a r e a  over the orbit  a s  a function of i becomes: 
S 

It i s  a lso known that a force normal  to the plane of the orbit  does not con- 

tr ibute to the eccentricity perturbation. Thus, when averaging the projected 

a r e a  over all  values of i , the projected a reas  must  be weighed by a cosine 
S 

of i t e rm.  Under this assumption, the average projected a r e a  is: 
s 

q L G ) L 4 3  1, c L ;  

Lc- ,  C S  A A; 
i v2 - 

/4, T ---- 

and 

Then, including the diffuse reflection factor discussed above, the opaque 

lenticule has  an  equivalent uniform specular spherical  a rea- to-mass  ratio of: 

where M i s  the m a s s  of the satellite. 

ratio has been checked with selected computer comparison runs on both the 

mobility and Lifetime 18 programs.  

shown in figure 3-23. 

mobility program. 

satell i tes (R = 250', D = 333'; R = 150', D = 252') in the s a m e  orbit  is shown. 

This equivalent spherical  a rea- to-mass  

The results for  a set  of these runs a r e  

Al l  data shown on this f igure were  obtained f r o m  the 

The eccentricity variation for  th ree  different shaped 
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The manner i n  which these resul ts  compare, on the equivalent sphere 

basis ,  to  the Lifetime 18 resul ts  of figure 3-21 ( same  orbit)  is summarized 

in table 3-5.  

predicted average projected a r e a  of the satellite (A ) and the predicted ra t io  

of mobility program derived resul ts  t o  Lifetime 18 derived results.  

ra t io  i s  predicted on the basis  of the derived average a rea- to-mass  ratio. 

The columns headed with actual resul ts  pertain to  the rat io  between the 

program resu l t s  at  the f i r s t ,  second, and third eccentricity peaks and the 

average of the three  ratios.  The eccentricity peaks were chosen as compari-  

son points since the principal use of the average a rea- to-mass  ratio will be 

to scaie maximum eccentricity data. 

gives the percentage difference between the predicted rat io  and the average 

actual ratio. 

In this table, the columns headed with prediction per ta in  to  the 

L 
The 

The finai coiumn in the tabie simpiy 

A s  can be seen, the actual ratios compare favorably with the predicted 

rat ios  at  a l l  eccentricity peaks for these three cases ,  and the maximum p e r -  

centage difference is approximately 5 percent. 
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TABLE 3-5 

COMPARISON OF PREDICTED TO ACTUAL ECCENTRICITIES 

1 Prediction I Actual Results I 
iverage 
Ratio 

to 
LT 18 

1.34 

1.21 

2. 04 

2 .  06 

1 .94  

0. 922 

0. 80 

0 .  76 

F’ e r c e nt 
)iff erenc e 

5. 1 

. 8  

1. 9 

1.0 

6. 0 

4. 1 

6 .  7 

1. 6 



Shown in f igures  3-24, 3-25, and 3 - 2 6  a r e  both mobility p rogram and 

Lifetime 18 p rogram resu l t s  for  the l a r g e r  lenticule (R = 2 5 0 ' ,  D = 333') a t  

t h r e e  different orbi t  inclinations. 

table 3-5. 

predicted resu l t s .  

ible variation of the rat io  of actual to predicted as a function of orbi ta l  

inclination. Therefore ,  the scaling factor  has been made independent of 

inclination. 

so l a r  p r e s s u r e  perturbing forces  a r e  independent of altitude. 

3 .  7. 2 Confieuration B Wire Mesh Lenticule With Sail  

Again these resu l t s  a r e  summar ized  i n  

It can  be seen  that these resu l t s  a l so  compare  favorably with the 

It is important t o  note that t he re  i s  no readily d iscern-  

The scaling fac tors  a r e  a l so  independent of altitude s ince the 

F o r  the configuration B satel l i te  (wire  mesh  lenticule with sa i l ) ,  the wire  

m e s h  lenticule is assumed to  ac t  in the same manner  as the opaque lenticule 

but a t  a reduced a rea .  

lenticule cove r s  5 percent  of the total  a r e a  when in the orientation defined by 

Y equal to 0 in figure 3 - 2 2 .  It  is a l so  assumed that the percentage of radia-  

tion intercepted by the side facing away f rom the sun will follow an x (1 - x) 

relationship where x is the percentage intercepted by the s ide facing the 

sun. By definition, the x at Y equal t o  0 is 0. 05. When y is equal to  

90 degrees ,  the wire  mesh  will be effectively c lose r  together and the x can 

be redefined a s  a function of the projected a rea  ratio: 

It is fur ther  assumed that one cap  of the wire  mesh  

Then, the projected a r e a  of the wire  mesh  lenticule a t  these two points is: 

t .  
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F r o m  this point, the derivation is equivalent to  that  of the opaque lenticule 

and the average a r e a  of the wire  mesh  lenticule is: 

The plane sa i l  surface i s  assumed to  be oriented as in the fixed compen- 

Thus,  when the sun- sation method of control (sail angle of 22. 5 degrees) .  

line is in the plane of the orbit ,  the projected a r e a  a t  the points 'y equal to  

0 and 90 is: 

it, ( Y = c )  = c  , A , ( a - c / c t )  = A L ~ ~ Z Z , ~ - "  = , c / Z $  A 

It can a l so  be seen  that the projected a rea  around the orbit  will vary 

essentially a s  a sine function of Y and is: 

, A , ( & )  = , Y Z E :  A,&$- 

Thus, the average projected a r e a  over the orbi t  is simply: 

where A is the su r face  a r e a  of the sail .  

line i s  perpendicular to  the orbital  plane is: 

The projected a r e a  when the sun- 

Again, assuming a sinusoidal variation between these points, the average  

a r e a  over the orbi t  a s  a function of i is: 
S 

F o r  any orbi ta l  inclination, a reasonably good approximation of the a v e r -  

equal 0 age projected a r e a  can be obtained by averaging those a r e a s  f rom i 

to  the orbi ta l  inclination or: 
S 
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where i i s  the orbital inclination expressed in radians. 

the contribution of the reflected solar  energy t o  the fo rce  must be considered. 

In the case of a plane surface,  the reflected component is proportional t o  

(1  t r )  where r i s  the reflectivity. 

the configuration B satellite is: 

In addition to  this,  

Thus, the average a rea- to-mass  ra t io  of 

where r̂ is the average reflectivity of the two s ides  of the sail. 

lent spherical a rea- to-mass  rat io  for the sa i l  alone has been checked with 

selected computer comparison runs on both the mobility and Lifetime 18 

programs.  These resul ts  a r e  shown as a par t  of f igures 3-24, 3-25, and 

3-26. 

these predictions a r e ,  in general ,  not a s  accurate  a s  for the opaque lenticule. 

The manner in which the actual ratios vary f rom peak to peak indicates that 

the sa i l  eccentricity is not a s  predictable a s  that of the opaque lenticule. 

However, the percentage difference is still well within acceptable limits. 

3 .8  PHYSICAL CAUSES OF ORBITAL RESONANCE 

The equiva- 

These resul ts  a r e  a lso summarized in table 3-5. It can be seen  that 

The reason f o r  expecting a point of maximum eccentricity for  low inclina- 

tion orbits is i l lustrated in figure 3-27. 

solid c i rc le  is  used a s  a start ing point, then initially so la r  p r e s s u r e  will add 

energy to the orbit in the vicinity of the point P. 

apogee at  a point 180 degrees  away. 

energy from the orbit in  the region of the orbit  opposite the point, P, thus 

tending t o  c r ea t e  a perigee near  the point P. If both the orbit  and the sun 

were  to remain stationary in iner t ia l  space,  it can be seen that the 

eccentricity of the orbit would keep increasing indefinitely until the satell i te 

fe l l  into the earth’s atmosphere. 

If the c i rcu lar  orbit shown by the 

This will tend to  c rea t e  an 

Similarly,  so la r  p re s su re  will subtract  
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Figure 3-27. Maximum Eccentricity Philosophy 

However, the point of the perigee moves with relation to  the sun-line due 

to three separate  considerations. 

causes  the per igee to move at  a ra te ,  a with respect  to  the sun-line. The 

motion of the argument of the perigee a l so  causes the perigee to move at a 

ra te  cb with respect  t o  the sun-line and the apparent motion of the sun causes  

F i r s t ,  the precession of the right ascension 

the sun-line to  move at  a ra te  52 , with respect to  the perigee. 

combination of these three motions has caused the perigee to  move 90 degrees  

with respect  to  the sun-line, the solar  pressure  force wil l  begin subtracting 

energy in the vicinity of the perigee and adding energy in the vicinity of the 

apogee, thus causing the eccentricity of the orbit to  decrease.  Thus, the 

period of the eccentricity is defined in the following manner.  

When the 
S 

.J (A 4 -n,)l:> = l w  

where P 

defined a s  positive clockwise. 

is the period of the eccentricity and a l l  the angular rotations a r e  
e 
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It can be seen that the period of oscillation, P becomes infinite when the 
e’ 

following condition is sat isf ied 

h t i l - c ?  = o  
S 

F o r  this situation, the argument of the perigee effectively remains 

stationary in inertial  space with respect  to  the sun-line, and the eccentricity 

keeps increasing indefinitely. This condition is seen to correspond to 

resonance condition No. 1 listed in paragraph 2.  2 .  4. 1 and is known to be a 

very stable resonance for  low inclination orbits.  

A different type of condition causes  a resonance to  occur a t  high inclina- 

tions. 

illustrated in figure 3-28 .  

in a c i rcular  orbit  and the sun-line l ies  in the plane of the orbit a s  shown in 

the figure. Then, i f  the direction of motion is indicated by b, the so la r  

pressure  forces  w i l l  tend to c rea t e  a perigee at  the point, P. The perigee 

wi l l  move i n  the direction shown by cb, and the effective motion of the sun- 

line is indicated by the combination of the apparent motion of the sun and the 

precession of the right ascension, c?. 

This resonance is caused by a stair-stepping effect on the eccentricity 

Consider the situation where a satell i te i s  s tar ted 

Then, for the resonant condition: 

The solar p re s su re  forces  wi l l  add energy in the region of the perigee and 

subtract  energy in the region of the apogee during the f i r s t  90 degrees  of 

rotation; but, a t  the same  t ime that the perigee passes  the 90-degree point, 

the sun-line a l so  passes  the most  normal  point to the orbit; and the so la r  

pressure  forces  a r e  reversed  in sign. Thus, energy is again being added 

in the region of the perigee and being subtracted in the region of the apogee 

causing the eccentricity to  continue to increase.  

f o r  this condition is shown in the figure. 

up indefinitely except for  a leveling off at 90 and 270 degrees  f rom the 

original point where the sun-line is most  near ly  normal  to the plane of the 

orbit. 

A typical plot of eccentricity 

The eccentricity continues to  build 
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Figure 3-28. S ta i r  - Step Resonance 

This condition i s  seen to  correspond to resonance conditions No. 3 and 

No.  4 l is ted in paragraph 2. 2. 4. 1 ,  and i n  the fo rm of No. 3,  is known to be a 

stable  resonance for  high inclination orbits.  
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